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Abstract

A buyer and seller bargain over a good’s price in continuous time, the buyer has
a private value v € [v,v] and a positive outside option w € [w,w]. Addition-
ally, bargainers can either be rational or committed to some fixed price. When the
sets of buyer values and commitment types are rich and the probability of com-
mitment vanishes, outcomes are approximately equivalent to those when the can
seller make an ultimatum at any price below max{w, v/2}. Although there is min-
imal delay, outcomes need not be efficient as the buyer sometimes chooses her
outside option.
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1 Introduction

What effect do outside options have on bargaining with incomplete information? The
existing literature suggests a surprisingly dramatic impact. Most notably, consider an
infinite horizon game where in every period the seller proposes a price for a good to
a buyer with private information about her value v € [v,v]. If there are no outside
options, then the Coase conjecture holds: when agents are sufficiently patient (offers
are frequent) the seller proposes a price of v almost immediately if there is “gap”, v > 0,
or buyer strategies are stationary (Fudenberg and Tirole (1985), Gul et al. (1986)). The
idea is that if today’s offer p > v is rejected, the seller will update her beliefs and cut
her price tomorrow, but in which case even a high value buyer would not accept today
unless the price is already low p ~ v. However, if the buyer can get a strictly positive

outside option w € [w, w] by exiting the market at the end of the period, then Board and
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Pycia (2014) show the seller acts as if she had commitment: she can choose any price
in the first period, and the buyer either accepts it or exits the market.! The logic is that if
bargaining continues into period 2, the seller will never charge a price below the lowest
net value buyer remaining, v — w, giving that buyer a continuation payoff below w, so

she would prefer to exit in period 1 instead to avoid discounting.

How robust is Board and Pycia (2014)’s result? It relies heavily on only the seller being
able to make offers, leaving the lowest net value type with no gains from trade. Paradox-
ically, if the buyer knew her type, and could take her outside option before the start of
bargaining (period 0), she would never enter negotiations, as the lowest net value who
did would get a discounted continuation payoff below her outside option.? If instead the
buyer could sometimes make counteroffers, she might hope for a continuation payoff
higher than her outside option when the game continued into period 2.> However, in-
troducing offers by the informed party introduces signalling. Off-path buyer offers can
then be “punished with beliefs”, interpreted as coming from the highest net value buyer,

v — w, and so support a wide variety of on path play.*

One way to help mitigate the power of belief punishments is to introduce a small prob-
ability of commitment into the model, types which always propose some fixed price
and never back down (another form of incomplete information). Abreu and Gul (2000)
first introduced these types on both sides of a bargaining problem with fixed surplus
to divide (so there is only one type of rational bargainer); they showed discrete time
outcomes converge to the unique equilibrium of a concession game when offers are

frequent, independent of almost all details of the bargaining protocol.

When rational agents have private information, a small probability of commitment types
can provide clear predictions despite the potential for signalling, because rational agents
who imitate commitment types cannot be arbitrarily punished with beliefs as their be-
havior is on path. Abreu et al. (2015) consider a continuous time concession game with

a fixed surplus, when one party’s discount rate is private information (high or low) and

Chang (2021) shows that if outside options are dispersed and positively related to values, then the
seller’s optimal dynamic mechanism may feature declining prices over time.

2A similar problem arises in auctions when there must be at least two bids and bids have a sunk cost.

3Certainly, if the buyer made all offers instead, she could get the good for free. An alternative as-
sumption to stop unravelling is that buyers don’t know their value for good until bargaining starts.

“4For similar reasons there are multiple equilibria in Board and Pycia (2014) if the buyer sometimes
has no outside option. In some the seller chooses any ultimatum and the buyer is believed to have a high
outside option if she remains in period 2. Others have a Coasean structure, with low and declining prices.

SChatterjee et al. (2022) get clear predictions in stationary equilibria of a coalitional bargaining game
where a veto player has a privately known outside option and can sometimes make offers. The outside
option is sufficiently large that the veto player either accepts the first offer she receives, or exits. Again,
if she could exit before the start of bargaining, she always would.



there are no outside options. They show that if the set of demands made by commitment
types is sufficiently rich, then outcomes must be Coasean as the probability of commit-
ment vanishes: there is immediate agreement on the same terms as would have been

agreed if the informed party were known to be her most patient type.®’

On the other hand, Compte and Jehiel (2002) suggest commitment types can have little
effect on rational agents’ behavior when they have outside options. In an alternating
offer protocol with a fixed surplus, and commitment types that aggressively offer an
opponent less than her outside option, rational agents never imitate commitment types.

The authors’ don’t consider what happens with more generous commitment types.

In this paper, I introduce commitment types into a model where the seller and buyer
sequentially announce prices, before playing a continuous time concession game. A
rational buyer has private information about her value and positive outside option. For

each possible buyer value v there is some probability of the lowest outside option, w > 0.

Equilibria have a similar structure to existing reputational models but need not be
unique. Rational players always imitate commitment types’ prices, however, if the
seller’s price is unacceptable to a rational buyer, v — p; < w, she only imitates the
lowest such price p > 0. After demand announcements, concession and exit behavior
ensure the seller al:d the rational buyer with the highest remaining value are indifferent
between conceding at one instant or the next (the skimming property holds: lower value
buyers concede later if at all). Eventually both players reaches a probability 1 reputation

for commitment at the same time 7 < oo.

My main result shows that when the sets of buyer values and commitment types are
rich and the probability of commitment vanishes, bargaining outcomes are partially
Coasean: they are approximately those which would arise if the seller could issue an
ultimatum at a price below p* = {v/2, w} which the buyer must either immediately
accept, or exit. Loosely, the set of buyer values is rich if for any d € [v, V] there is a
possible buyer value close to d, while the set of commitment types is rich if for any

d’ € [0, V] there is some type which makes a demand close to d’.

The result suggests that the classical Coasean prediction (from Fudenberg and Tirole

(1985), and Gul et al. (1986)) of minimal bargaining delays is robust to the presence of

®This also matches the alternating offer division when the agent is known to be the patient type. By
contrast, Rubinstein (1985) identifies a wide variety of equilibria in an alternating offers game without
commitment types, which he selects between on the basis of axioms.

"They also show that if commitment types sometimes delay making their fixed demand, non-Coasean
limit outcomes are possible as patient agents try to signal their type. Analyzing such types in the current
setting, as well as types that vary their demands over time in history contingent ways (see Abreu and
Pearce (2007) and Fanning (2016)) has the potential to be very challenging and is left for future work.



outside options, and so is the prediction of low prices when v and w are both small in

contrast to the potential for high prices in Board and Pycia (2014).

However, the result also diverges from some features of the classical Coase conjecture
in a similar direction to Board and Pycia (2014). Notably, prices can be high because
v or w are high, even when net values are not. The seller has some market power and
outcomes are inefficient (due to exit of some positive net value buyers). For instance, a
seller may know her product (e.g. bespoke software) provides substantial value to the
buyer (e.g. in cost savings), v >> 0, even though she doesn’t know what competitors
can offer. Or the seller may know a competitor’s product (e.g. off-the-shelf software
with a nationally set price) offers a high outside option, w >> 0, without knowing the

buyer’s value for her own product. In either case, p* >> 0 even if min{v —w > 0} = 0.

An implication of the result if there is a single rational buyer type (v, w), is that there
will be immediately agreement at a price p; ~ p*" := min{v/2,v — w}. When w > v/2
then p™" < p*; the seller offers the buyer a payoff v — p; = w so that she prefers
to accept rather than exit. This matches Binmore et al. (1989)’s finding in an alter-
nating offers game under complete information (without commitment types), although
unlike in Compte and Jehiel (2002) rational bargainers always imitate (vanishingly un-
likely) commitment types. A natural Coasean benchmark price would then seem to be
min,,, p*", the efficient price the seller would charge if she knew she was facing the
toughest buyer’s type arg min,, ) p"". However, my result shows that the seller can po-
tentially charge a much higher price, p* = max{v/2, w} given private information. For
example, if the buyer’s value is known to be v = 1 and her outside options are approx-
imately uniformly distributed on [0, 1], then so are her net values v — w, and the seller

will charge approximately p* = 1/2 > min,,,,, p*" ~ 0 for a profit of 1/4.

What’s special about p*? The seller’s offer is more generous than the buyer’s if the
buyer gets greater utility from conceding, v — p; > p,. With a rich set of buyer values
and commitment types, a seller’s offer is more generous than any counteroffer of the
lowest value buyer who eventually concedes, v!"”» = min{v > p, + w}, if and only if
ps < p*. For an agent to make her opponent indifferent between conceding at one
instant or the next, she must concede at a rate proportional to the generosity of her offer
(which determines his cost of delaying his concession). This rate determines how fast
her reputation for commitment grows. When the prior probability of commitment is
arbitrarily small, so are updated reputations when only buyers with value greater than
vI'Ps have conceded, after which reputations must still grow a lot to reach probability 1.
For both agents’ reputations to reach probability 1 at the same time, therefore, the buyer

must immediately (at time 0) concede or exit with probability approaching 1 if p; < p*,



and if p; > p”, the seller must immediately concede to a counterdemand p, ~ p* < p;.

The limit outcome’s dependence only on the generosity of the seller compared to a value
vI'Ps buyer highlights the model’s Coasean force. Eventually the seller realizes she faces
such a buyer and then what matters is which player has the greatest incentive to give in
(the less generous player). A greater willingness to eventually concede translates into
immediate concession. Sometimes, when p; < p*, there are low value buyers who won’t
concede v—p; < w who could make more generous demands than the seller, p, > v—p;,
but instead make the least generous demand p ~ 0, which ensures the seller’s reputation

subsequently grows much faster, so the buyer must immediately concede or exit.

In section 5, I present additional implications and extensions of the model. In particular,
I show: my results extend to a discrete-time alternating offers game; the seller’s profits
can increase in the buyer’s outside option or in a sunk cost the buyer must pay to initiate
bargaining (allowing endogenous participation); and the seller may successfully charge

higher prices (p, >> p*) if buyer values are sparse (not rich).

The remainder of this section highlights additional literature, then section 2 outlines the
model, section 3 characterizes equilibria, the main results for vanishing commitment
are in Section 4, and section 5 presents extensions. Unless explicitly stated otherwise,

proofs are in the Appendix.

1.1 Additional Literature

Hwang and Li (2017) show that the Coase conjecture may hold if a buyer’s outside
option arrives stochastically. The seller makes all offers, and the buyer’s outside option
arrives publicly at the end of each period with some probability (after the seller’s offer).
With frequent offers, the seller almost immediately offers the buyer a price that would
make her lowest value type indifferent to waiting for the outside option. The logic
driving the result is that buyers must immediately take an outside option when it arrives.
Otherwise the lowest buyer type which did not, would receive a continuation payoff
equal to that outside option in subsequent periods (as in Board and Pycia (2014)) and
so she would prefer to avoid delay. If the stochastic arrival is not publicly observable

multiple equilibria exist, some of which are Coasean and some not.

Nava and Schiraldi (2019) highlight what they call a robust Coase conjecture, when
the seller can offer the buyer differentiated goods. The seller makes all offers and after
purchasing one variety, the consumer receives no value from buying a second variety.

When offers are frequent, the market clears instantaneously, with the buyer purchasing



one of the varieties offered, however, the seller retains some market power and the
outcome is not efficient. The seller offers a low price (possibly 0) for one variety, and
a high price for the other and allows consumers to select between them. The low price
for the first variety, effectively creates a consumer outside option, which (by Board and
Pycia (2014)) allows her to charge a monopolistic price for the second variety. The
authors suggest Board and Pycia (2014)’s result is similarly consistent with a properly
understood Coase conjecture. However, seemingly many prices can clear the market
with outside options, and the low prices identified in my analysis when v =~ w = 0 seem
“more Coasean’ than Board and Pycia (2014)’s. If the minimum outside option created
by low priced varieties is small with differentiated goods, then my results suggest seller

profits are likely to be similarly small.

In addition to outside options, the existing literature has identified many reasons the
Coase conjecture may fail: a monopolist may rent rather than sell, or under-invest in
capacity (Bulow (1982)), or use best-price provisions (Butz (1990)), or buyers may
use non-stationary strategies if there is no “gap” between their values and the seller’s
(Ausubel and Deneckere (1989)). However, other factors that might be thought to inter-
fere with the Coasean logic, merely see it confirmed in different guises. For instance, if
a second buyer may arrive to compete with the first, the seller’s profit is driven down to

what she would get from waiting for that buyer’s arrival (Fuchs and Skrzypacz (2010)).

Inderst (2005) and Kim (2009) identify Coasean results when a seller has a vanishing
probability of being a commitment type, and the buyer has private information about her
value but no outside option and is never a commitment type. Peski (2021) also identifies
a Coasean result when dividing two pies, one bargainer has private information about
her relative value of the pies, and there is a vanishingly small probability that each

bargainer is committed to some menu of divisions.®

In a contemporary paper, Pei and Vairo (2022) investigate a related reputational bar-
gaining model, where a rational seller and rational buyer with a private value (but no
outside option) simultaneously announce any price demands before becoming commit-
ted to them with positive probability (similar to the protocol of Kambe (1999)). There
is always a Coasean equilibrium with immediate agreement (all agents announce the
same price p, = p, which approaches v/2 as commitment vanishes), but if buyer values
are sparse (not rich), there can also be non-Coasean equilibria (the seller charges ps > v,

as do buyers with v > p,, while buyers with v < p, counterdemand p, = 0 and never

8Normalizing an agent’s payoff from receiving all of both pies to equal one, in the limit the unin-
formed bargainer proposes a menu of all divisions that give her a payoff of 1/2 (a lower bound on her
payoff facing any known type), and the informed party selects among these. The Coasean logic is similar
to that in my paper and Abreu et al. (2015).



concede); this mirrors the (unique limit) equilibrium I highlight in section 5 with high

seller prices (p, >> p*) when buyer values are sparse.’

Atakan and Ekmekci (2013) show that reputational bargaining with outside options
endogenously determined by a search market can lead to inefficiency.! Endogenous
outside options are also central to Ozyurt (2015), who shows that even vanishingly
small reputational concerns allow a wide range of prices in Bertrand-competition like

setting with two sellers and a single buyer.'!

2 The model

In this section I outline a simple baseline model; I show how results extend to a discrete

time alternating offers game in Section 5.

A buyer and seller bargain in a continuous time concession/exit game, where the seller
has a single indivisible good. Time 0 is subdivided into 4 times, 0! < 0?> < 0° < 0%, to
allow for sequential decisions to be made with no discounting of payoffs between them.
At time 0' the seller proposes a price p, € P where P C (0, o) is some finite set. At time
02, the buyer can observe the seller’s price p, and can: immediately concede (accept her
opponent’s price; action c¢), counterdemand p,, € (0, p;) N P, or exit the market (action
e). If the game continues to time 0°: the seller observes p;, and chooses a stopping time
t* € (0, o] to concede, while the buyer chooses a stopping time #* € (0, co] and an action
a € {c, e}, where (°, c) denotes a decision to concede at time #°, and (#*, ) denotes a
decision to exit. If agents choose the same stopping time (¢ = ), each agent’s chosen

action occurs with probability 1/2 (concession or possibly exit).

Both buyer and seller can either be rational or a commitment type. A rational seller
has no value for the good and no outside option. A rational buyer of type (v, w) has an
outside option w > 0 and a value v > w.'? If the good is traded at price p at time ¢ > 0
then a rational seller gets a payoff ¢7"'p, and a rational buyer gets the payoff e (v — p),

where r is a common discount rate (without loss of generality » = 1). If instead, the

9The uniqueness of my limit prediction stems in part from sellers making offers before buyers.

Firms and workers flow into a search market and are randomly matched to bargain over a surplus.
Bargainers can be rational or a single commitment type which returns to the search market if convinced
her opponent is committed. Given no delay before matching in the search market, steady state equilibria
are inefficient with no immediate concession in bargaining, even as commitment vanishes. As in Compte
and Jehiel (2002), the effect a richer set of commitment types is unclear.

"'This occurs because if the buyer observes a seller undercut it’s rival’s posted price, she uses that as
an outside option to obtain an even better price in bargaining with the high priced rival.

12An buyer with v < w will never agree to any price for the good and would immediately exit at 0; I
explore endogenous participation in bargaining more generally in section 5.



rational buyer exits the market at time ¢ she receives her outside option for a payoff

e "'w, while a rational seller gets a payoff of 0.

The distribution of rational buyer types has finite support ® with probability mass func-
tion g, so that 3}, ce 8(v,w) = 1. Let V = {v : (v,w) € O}and W = {w : (v,w) € O}
sotheny =minV,v =maxV and w = min W, and w = max W. I assume g(v,w) > 0
for all v € V, so there is always a chance of the minimum outside option; this is im-
plicitly an assumption about the richness of types (without it, the main results require
a more complicated definition of a rich type set). I further assume that v — w # p and
v-p/(p-p)=w/(V —-p —w)andv—p # p’ forall (v,w),(v',w') e @and p,p’ € P
with p > p’; given the finiteness of ® and P, equalities are non-generic.

The probability of player i being a commitment type is z; € (0, 1). There is a finite set
P; C P of commitment types for agent i. Conditional of being committed, she is of type
pi € P; with probability m;(p;) € (0, 1). Type p; demands the price p; in the bargaining
game, concedes only if offered a better price (i.e. if p, < p, for the buyer) and never
exits the market. To simplify the exposition, I assume max P, < max P;, so the most
largest seller commitment price is larger than the buyer’s. I also assume the price is a
buyer commitment demand, p = min P, = min P, which may be substantive, but is not
needed in the alternating offe; game of Section 5 (which admits a continuum of prices).

Let u,(p,) be the probability that a rational seller proposes a price p, € P at 0', and

55V, W

given p; let u,"""(a) be the probability that a rational seller of type (v, w) chooses
action a € P U {e,c} at 0°. Hence, immediately after a seller’s demand p € P, and

buyer’s counterdemand p’ € P,, the bargainers’ reputations for commitment are:

—ps _ Zs75(Ps) peps _ 27 (Pp)
C o zm(pe) + (L —zous(py)” P 27(Pp) + (1 = 2) Tvuneo 1" (Pb)

and Z,(p,) = 0if p, ¢ P, and 2°(py) = Oif p, ¢ P,."% If @2 (py) > O for some
(v, w’) then the probability that the buyer is of type (v, w) conditional on rationality is:

g, " (pp)
Z(v’,w')e‘@, g(V’ , W’)/lgs’v,’w (pb)

g (v, w) =

Conditional on reaching a continuation game at 0* with demands p;, py, let the probabil-
ity that player i concedes by time 7 € {0°,0*} U (0, oo] be F”*"*(t), and let the probability
that buyer exits by time ¢ in that continuation game be E}""’(r). We can later back

out the behavior of rational agents from these objects. At time ¢, the seller’s updated

3This is without loss of generality even if us(p,) = 0 or u?*(p,) = 0; commitment types can’t deviate.



reputation for commitment is then z5""(r) = z7*/(1 — FI*""(¢)) while buyer’s updated
reputation is z,"""(t) = /P /(1 — E}"" (1) — F};""(1)). A rational seller’s utility in the

continuation game at 0° when she concedes at time ¢ is then:

T<I
U () = f pse” AR (@) + (1= FP(0) = Ep () pre”™

1
+ e (B (0) = FL P ()(ps + po) + (B (6) = EJ(1-)ps)

where G(z_) = sup._, G(t) with G(0?) = 0 for G : {0%,0%} U (0, 0] — [0, 1]. The utility
of a rational buyer with value v that concedes at time ¢ is:

T<t
Ut () = f v = ppe TdF (1) + (1 = FPP(0)(v = py)e™
1
+ Ee_” ((FPPr(t) = FPoPP(12))(2v = ps — p»))

The utility of a rational buyer with type (v, w) that exits at time 7 is:

T<t
Up ) = [0 pie TAFT @) 4 (L= P e

1
+ 567" ((FPPe(t) — FPoPr (e ))(w + v — pp)) .
I will analyze weak perfect Bayesian equilibria of this game, where at each information
set (0!, 0% and 0%) agents’ strategies must be optimal given their beliefs, beliefs are
consistent with Bayes’ rule when possible (even off the equilibrium path), and an agent’s
actions do not affect her belief about her opponent. However, my main result, providing

tight bounds on equilibrium outcomes also holds for any Nash equilibrium.

3 Equilibrium

This section characterizes equilibria of the game for arbitrary parameters. 1 follow a
heuristic approach leaving many details for the appendix. I first characterize equilibria

in the continuation game at 0°, and then consider agents’ initial demand choices.

In any equilibrium, rational sellers must imitate commitment demands. This is a stan-
dard result in the reputational bargaining literature. If instead a seller revealed ratio-
nality by demanding p; ¢ P, then by making the commitment demand p, = p € P, a
rational buyer could ensure the seller’s immediate concession due a reputationzl Coase

conjecture: If the seller didn’t she must expect the buyer (he) will soon concede to her,



and so if he doesn’t, she will eventually become convinced that he never will and at
that point will concede. If 7 > 0 is the last time she concedes, however, even a ratio-
nal buyer won’t concede just before 7', and so the seller won’t want to wait that long.
Given that, the seller can always do weakly better by demanding max P; > max P,. |

henceforth assume rational seller’s always imitate commitment demands, p, € P;.

It is also true that rational buyers must imitate commitment demands, but to show that
I need to characterize the continuation equilibrium in the continuation game at 0? that

would arise if they did not. I now proceed to characterize that equilibrium generally.

3.1 Equilibrium in the continuation game

I first describe equilibria in the continuation game at 0* assuming commitment demands
p:; € P; before highlighting what happens when the buyer makes a non-commitment

demand (p, ¢ Pp). Since p; and p, are fixed, I drop them in superscripts on variables.

If there is just one rational buyer type who prefers to concede rather than exit, v — p, >
w, there is a unique equilibrium in the continuation game, which resembles that in
Abreu and Gul (2000); since the buyer will never choose her outside option it becomes
irrelevant. The equilibrium is characterized by three properties: 1) at most one agent
concedes at time 0; 2) both agents reach a probability 1 reputation at the same time

T* < oo0; and 3) agents are indifferent between conceding at any time on (0, 77].
Property 3) implies that the seller and buyer must concede at the constant rates A, and
A, respectively on (0, 7°), where:

. r(v—ps)’ 4, = rDp

S ps— Do Ps— Db

The numerator of agent i’s concession rate is her opponent’s instantaneous cost of delay
his concession, while denominator is the capital gain he receives when she concedes in-
stead of him (so the rate equalizes his costs and benefits of waiting). Let T; = —In(Z;)/ A;
be the time it would take that agent i to reach a probability 1 reputation given that she
concedes at rate A; on (0, 7%) but not at time 0. Then we must have 7" = min{7T, T},}

and time O concession satisfies F;(0*) = 1 — min{ziz;ﬂ"/ Y.

Given indifference to concession on (0, 7*), the seller’s continuation game payoftf must
be U, = F,(0*)p,s + (1 — F;,(0%)p,, and the buyer’s payoff must be U, = F(0*)(v— p;) +
(1-F4(0%)(v—p,); these only exceed what an opponent offers if that opponent concedes

at time O with positive probability. Increasing the relative generosity (utility gained from

10



concession) of the seller’s offer compared to the buyer’s, A,/1, = (v — p,)/ps, causes
the probability the buyer (seller) concedes at time O to increase (decrease) in order to

ensure both agents still reach probability 1 reputation at the same time.

Let @ = {(v,w) € ©® : v —w > p,} be the set of rational buyer types for whom the
seller’s price is acceptable, v — p; > w, and ®° = {(v,w) € O : v —w < p;} = O\ O° be
the set of types for whom the seller’s price is not acceptable.

Adding additional ®¢ buyer types into the continuation game doesn’t greatly change
the structure of the equilibrium highlighted above. Property 3) must be modified to
account for the skimming property: on (0, 7™) the seller and highest remaining buyer
type are indifferent between one instant and the next. The skimming property says
that high value agents always concede before low value agents, since they face greater
(instantaneous) costs of delaying their concession, r(v — py). Enumerate these ®° buyer
values v' < v? < ... < vK and let #* be the first time that all buyers with value v* have
conceded (so T* = t' by the skimming property. Formally, let v! = min{v € V : v >

k+1

w+ pstand vV = min{v € V : v > v}} until v = ¥ for some K < oo and

F=min{t20: F()2(1-3) Y 3vw)

(v,W)e@Cy>vk

Also let /X! = 0. The seller must then concede at rate 27 on (', #*) to make a buyer
with the highest remaining value V¥, indifferent between immediately conceding and
waiting an instant to do so, while the buyer continues to concede at rate 4, on each

interval. This equilibrium is still unique.

Notice the Coasean force at work in this equilibrium: high value buyers benefit from
the presence of low value buyers. This is because the seller (he) concedes at a slower
rate to low value buyers, which means he concedes with greater probability at time O to
ensure both agents reach a probability 1 reputation at the same time 7 (compared to

when all buyers have high value). More precisely, F,(0%) is increasing in g(v!, w).

Adding ©° buyer types, who never concede, into the continuation game, modifies the
equilibrium structure further. Letv! <v? < ... <v€and#' > 1> > ... > t*! be defined as
above, but now notice that the restriction of those definitions to ®¢ agents is substantive,
e.g. there may be (v, w) € ® with v < v'. The seller must still concede at the continuous
rate ﬂzk on (#*1, ) and the buyer at rate 4,. Now, however, let 1" be the concession

rate which would make a buyer of type (v, w) indifferent between immediately exiting

11



and waiting an instant to do so, that is:

LS —
- V—pp—W

Buyer (v,w) € @° will then choose to exit at: time 0 = tX*1 if 2™ > A7; at time £~ if
A € (ﬂ?k_',/lgk); and at T* = ' if 2" > /lzl. When the buyer exits at #* < T*, she
may also have to concede with positive probability to ensure the seller (he) is willing to
concede just afterwards; if she didn’t concede he would prefer to concede just before
she exits rather than after. However, it £ > 0 she can’t concede too often or he would
prefer to concede just after #* than before. More precisely, suppose the buyer exits with
(conditional) probability @ at time #*. If #* < T* then the buyer must also concede
with probability greater than ap,/(ps; — p,). If #* > 0, she must not concede with
probability greater than ap,/(ps — p,). Clearly, therefore, if #* € (0, T*), she must exit
with probability ap,/(ps — p») exactly.

The previous equilibrium property 1) need not hold when exit is possible, instead both
agents may concede with positive probability at time 0. It may still be optimal for the
seller to concede 0° when the buyer exit and concession at 0* with positive probability.
Without loss of generality, however, the buyer never concedes at 0° and the seller never
concedes at 0*. Additionally, the equilibrium need not be unique. This is because total
buyer concession is not determined at 7" when there is exit, nor is the identity of which

types concede at #* € (0, T*); for instance, greater concession at T* can reduce T*.

If we assume the buyer make a non-commitment demand (p, ¢ P,) while maintaining
that the seller makes a commitment demand (p, € Pj), then it is impossible for both
agents to reach a probability 1 reputation by the same time 7" < co. To accommodate
this situation, define 7, = min({t > 0* : Fp(t) = (1 — Z,)x}, Ty, = min{t > 0* : F(¢) =
1 -7z} and T* = min{T, T;,} where x = 3, ,,coc (v, W) is the equilibrium probability
that a rational buyer is some ©° type that is willing to concede, conditional on her
being rational. The buyer must then have conceded or exited with probability 1 by time
T* < oo (to do so she must exit with positive probability at 7), however, the seller
may or may not have reached a probability 1 reputation by 7*. Prior to 7, the other
properties of equilibria (described above) must still hold. Those features will allow me
to argue that in equilibrium the buyer only makes commitment demands (p, € P) in

the next subsection.

Figure 1 displays an equilibrium of this sort. I summarize the above equilibrium char-

acterization into the following Proposition.

Lemma 1. Consider a continuation game at O° after demands p, € P, and p, € P and
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Figure 1. An example equilibrium

define. Without loss of generality, the buyer never concedes or exits at 0° and the seller

never concedes at 0*. The skimming property holds before T* < co and:

(1) the seller concedes at rate X’ and the buyer at rate ,, on (**', 1) 0 (0, T*).

(2) buyer (v,w) € ©° exits at time t* € {¢',...,t* 'y N[0, T*] if 1™ € (/lzkfl,/lﬁk) where

20 =0and 2" = oo,

(3) if the buyer exits at time t* € {t', ..., t**1} N [0, T*] with probability a then she must
concede with probability greater than ap,/(ps — p,) whenever t* < T* and with
probability less than apy,/(ps — pp) if t* € (0, T*].

(4) Fo(T*) + Ex(T*) = 1 — 7, and if p, € Py then F(T") = 1 — Z,.

3.2 Equilibrium demand choices

I next consider the buyer’s demand choice at 0% after the seller has announced a com-
mitment demand. I show that ®¢ buyer types who find the seller’s price unacceptable,
always imitate the lowest commitment demand p (or immediately exit), while @ buyer
types, must imitate some commitment type and_weakly (possibly strictly) prefer lower
price demands. This is an important result for establishing the paper’s main findings be-
cause it means ©° buyers demands are always extremely ungenerous to the seller when
there is a rich set of commitment types, p ~ 0, who consequently has little incentive to
concede to them. The lemma below prov_ides a formal statement:

Lemma 2. Consider any equilibrium in the continuation game at 0* after a seller de-
mand ps € P,. Let p, € Py, and p, < p, € P then: all O° type buyers weakly prefer
demanding py, to p, and without loss of generality ©° type buyers never demand p,.

13



First consider the behavior of the ®° buyers who eventually concede; this dictates the
behavior of the ®° buyers who exit. These ®° buyers mix between some subset of
demands. As a group, if they demand p) with positive probability, they must also imitate
all smaller commitment prices, p, < p, where p; € P,."* If this wasn’t true, a rational
seller would believe buyers who demand p,, are either committed or will eventually exit,
and so would immediately concede. However, in that case demanding p, > p, cannot

be optimal for any buyer (who would prefer the lower price).

Since a value v = vX buyer always concedes first (by the skimming property), she must
be indifferent between demanding p), or p;, and then conceding at any time 7 € [0*, 75-72].
Suppose then that a type V* buyer is indifferent between the options: (i) demand p, and
concede at 7 and (ii) demand p, and concede at 7>, The proof of the lemma then
establishes that a value v*~! buyer is either indifferent between (i) and (ii) or strictly
prefers the lower price (ii). Moreover, if the buyer with value v*~! is indifferent between
these options then so are all buyers, and there is a greater time discounted probability
that the seller has not conceded after the lower price p,, that is: e"’k’pg’ (1-F f; (t5rr)) <
e~ (1 — FP(¢om)), strictly if FP(£57) > 0.

The key idea behind the claim that v*~! must (weakly) prefer the lower price, option (ii)
over (1), is that there is “more delay” after lower prices since the seller concedes more
slowly (/lik’p N /lﬁk’p »), but value v¥~! has a lower cost of delay than v* who is indifferent
between the options. For a more precise argument, consider the special case of k = K,
and suppose (by way of contradiction) a value vK~! buyer strictly preferred option (i)
over (ii). All buyers with value v < v€~! must then likewise strictly prefer (i), because
the benefit of (i) compared to (ii) is linear in the buyer’s value. Since no buyer with
value v < vE~! adopts (ii) we would have T*"* = 5> and since the seller concedes
faster after p; than after p, (AEK’pE’ > /lzk’p *) we would have 57 < ¢Kr = TP But
then, consider the buyer’s benefit of delaying her concession from time 0* to some time
t € (0,t5P] after demanding p; (case ga)) and after p, (case (b)). Since the seller
concedes faster after p; than after p, (/l; b > /IEK’P "), agreements are more delayed in
(b) than (a). Because delay is less costly for value vK~! than for vK, the benefit in (b)
compared to (a) must be greater for vK than for v&~!. The benefit for value vX is 0 in
both (a) and (b), however, and so for v€~! the benefit in (a) is strictly larger than in (b).
Hence, vE~! strictly prefers option (ii) over (i), a contradiction.

To illustrate why the time discounted probability that the seller has not conceded must

be larger after the smaller price p, than after p; when a value vF=! buyer is indifferent

14In fact, something stronger is true: if some @ buyer with value v sometimes demands P, then some
such buyer must also sometimes demand p;, € P, with pj, < p;.
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between (i) and (ii), consider the special case where 7> = *7» = 0*. For the value
v¥~! buyer to be indifferent between (i) and (ii) the seller (she) must concede more often
after the higher price p;. In fact, even if she conceded with the same strictly positive
probability after each demand then the v*~! buyer would strictly prefer the lower price
option (ii). More precisely, we need Ff;’(03) = F"(0°)(ps — p»)/(ps — P}) = F"(0%).

I now turn to the claim that @ buyers (who never concede), never demand the higher
price p, (and consequently only ever demand p € P, or immediately exit). The key
idea here is that the benefit to a buyer type (V/, v; ) € ©° of exiting instead of conceding
at P after demand p, is proportional to the discounted probability that the seller has
not conceded e~ (1 — FP(#P*))(v' — (W' — p,)). However, when a value v*"! buyer
is indifferent between concession options (i) and (ii) so is value v' and the discounted
probability that the seller has not conceded is larger after the smaller price p, than
after p), e (1 = FP(fry) > "0 (1 = FPo (b)), strictly if F?(7%) > 0. Hence
either type (', w’) strictly prefers option (ii’) demand p; and exit at #P> over option (i’)
demand p,, and exit at %, or F f’;(tk”’i) = 0. In the latter case, if option (i’) is ever an
optimal strategy for type (v/,w’) we can assume she exits at time 0? instead, without

loss of generality.

Given that only O buyers ever demand p, > p they must only ever make commitment
demands. If such a type made a non-commitment demand after the seller’s commitment
demand (p, ¢ P, after p; € Py), standard arguments imply that she must immediately

concede (the reputational Coase conjecture, outlined at the start of Section 3).

Finally, we can move back to the start of the game and the seller’s demand choice at 0'.
I do not attempt a precise characterization here, but merely establish that an equilibrium
exists, Proposition 1. The proof is in the online Appendix. It first identifies a particular
continuation equilibrium structure in the continuation game at 0° that is continuous in
agents’ beliefs, 7; and g. Given that, existence incorporating demand choice follows by

a standard Kakutani fixed point argument.

Proposition 1. An equilibrium exists.

4 Vanishing commitment

This section presents the paper’s main result: when the set of buyer values and com-
mitment types are rich and commitment vanishes, bargaining outcomes are approxi-
mately equivalent to those when the seller can propose an ultimatum at a price below

*

p* = max{w,v/2}. To get there, I again first focus on the continuation game at 0° (as
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agents’ initial reputations vanish), before considering demand choices.

4.1 Vanishing commitment in the continuation game

First consider the simple case in which there is only a single rational buyer type who
concedes v — p; > w; a setting equivalent to Abreu and Gul (2000) (the outside option
is irrelevant). If agents’ initial reputations in the continuation game vanish at same
rate (¥ — 0, I /Z’} € [1/L,L] for some L > 1) then the agent who is less generous
than her opponent must concede with probability approaching 1 at time 0; so the seller
immediately concedes if p, > v — p,, and the buyer does if p, < v — p,. The reason
for this result is that the generosity of agent i’s offer is proportional to her opponent’s
cost of delay and is thus proportional to her concession rate, A;. Those concession rates
determine the exponential growth rate of an agent’s reputation during the continuation
game, (dz;(t)/dt)/zZ;(t) = A;. When initial reputations are vanishingly small, reputations
must grow a lot to reach probability 1 (it takes infinitely long in the limit). Absent time
0 concession, therefore, the faster growth rate of the more generous agent’s reputation
means she would reach a probability 1 reputation much faster than her opponent. To
ensure both agents reach a probability 1 reputation at the same time, therefore, the less

generous agent must concede with probability approaching 1 at time O.

A straightforward corollary of the single buyer type case is a continuation game where
the seller is always more generous than the buyer (v! — p, > p,) whose demand p;, > p
implies that she never exits (by Lemma 2). In this case, if initial reputations vanish at
the same rate the buyer must immediately concede with probability approaching 1. The
more generous seller always concedes faster and so builds reputation faster. The buyer
must, therefore, immediately concede in the limit so both agents reach a probability 1

reputation at the same time.

More interestingly, in a continuation game where the lowest value buyer who concedes
is more generous than the seller (v! — p; < p;) the seller must concede immediately con-
cede with probability approaching 1 if agents’ initial reputations vanish at the same rate
but the lowest value buyer’s probability doesn’t (lim,, 3,1 ,,)cec g2"(v',w) > 0). This pre-
diction highlights the key Coasean force which drives the main results: any possibility

of such a low value buyer makes the seller immediately back down in the limit.

The logic behind this result is as follows: The buyer’s positive concession rate means
that all high value buyers (who may be less generous than the seller, e.g. v — p, >
pp) must have the conceded in some bounded length of time. At that point, agents’

reputations (for commitment) must still be vanishingly small, and so we are effectively
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Figure 2. Continuation equilibrium with parameters: v = 6, v! =4, w < 1, p; = 3, pp = 2,
g(v!,w) = 1/4,7; = 1/100. Left: Concession. Right: Updated reputations.

back in the case of a single rational buyer type: the additional time it takes for agents to
reach a probability 1 reputation is unbounded, and during that time the (more generous)
low value buyer concedes quicker than the seller and so her reputation grows quicker.
To ensure both agents reach a probability 1 reputation at the same time, therefore, the

seller must concede with probability approaching 1 at time O.

Figure 2 illustrates this logic in an example with two buyer values v* = 6, v! = 4
and outside option w < 1. The announced price p;, = 3 and p, = 2 imply that the
seller is more generous than the high value buyer, and so concedes at a faster rate
/122 = 3 > 1, = 2 on the interval (0,#*). However, she is less generous than the low
value buyer, and so concedes slower thereafter /lzl = 1 < A, = 2. Initial reputations
are small, Z; = 1/100, and so even though the buyer is much more likely to have a
high rather than low value, g(v*, w)/ 20!, w) = 3, it takes much less time for all high
value types to concede than all low value types, t,/T* < 1/3, because of the concave
shape of the concession function Fy; if Z! — O then #,/T* — 0. This means most
reputation building occurs after 2 when the buyer has a reputation building advantage
(since /lzl < Ap). To ensure that both agents reach a probability 1 reputation at the same

time therefore the seller must concede with high probability at time 0, F,(0%) = 0.61.

What happens in the continuation game as initial reputations vanish, when there are
some types that exit (so p, = p)? If there is some type which waits until 7* to exit
(lim, g(v,w) > 0O for some (v,;v) € ©° with A" < /lﬁl) then the seller must again
concede with probability approaching 1 at time 0. The buyer’s positive concession
rate means that the time it takes until only this exiting type remains is bounded. For
the seller’s reputation to reach probability 1 by that time, therefore, she must always

immediately concede in the limit.
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On the other hand, if p, = p is sufficiently small and no buyers exit at 7* (1" > /lzl
for (v,w) € ®° where lim, E(V]’W)e®c 2"(v!,w) > 0), then the buyer must immediately
concede or exit with probability approaching 1. When p;, = p is very small (see Lemma
3 part (f) for a precise cutoff) not only is the buyer always less generous than the seller
py = p < w < vl — p, but is so ungenerous that the seller would wait to receive
concession from (v',w) € O° buyers at time > even if all other buyer types exit at 2.
This means that agents’ reputation must be vanishingly small at > and since the seller
concedes faster at that point, the buyer must concede and exit at time 0 with probability

approaching 1 so that both agents can reach a probability 1 reputation at the same time.

Finally, unsurprisingly, if the seller’s reputation vanishes but the buyer’s doesn’t (lim, 7, >
0) then the seller must immediately concede with probability approaching 1 or the buyer
would reach a probability 1 reputation before the seller. Similarly, if the buyer’s repu-
tation vanishes but the seller’s doesn’t, and p, > p (so no buyers exit) then the buyer
immediately concedes with probability approachin_g 1. Lemma 3 formally establishes

these limit results for the continuation game.

Lemma 3. Consider some fixed demands p, € P; and p, € P, and sequence of contin-
uation games at 0° with updated equilibrium beliefs (', 8".

Suppose (for some subsequence) Z; — 0 and 7, > L7 for some constant L > 0. If:
(a) lim, 7, > 0,

(b) orlim, g"(v,w) > 0 for some (v,w) € O° withv — p; < pp,

(c) or p, = )4 and A" < /lzl for some (v,w) € ®° with lim, g"(v,w) > 0,

then, lim, F7(0) = 1.

Suppose instead 7, — 0 and Z; > Lz, for some constant L > 0.

(d) If pp > p and lim, Z; > O, then lim,, Fi(0% = 1.

(e) If pp > Eand v — ps > pp, then lim, FZ(O“) =1

() If pp = p < V' = py and py(1 = lim, x") < (ps = pp) lim, 31 cer &' (V' W) and

> 2 forall (v,w) € ©, then lim, F 2(0%) = 1 - lim, E}(0*) = lim, x".

4.2 The main results

This subsection presents the paper’s main results, which have two parts. First, Propo-

sition 2 identifies tight bounds on the seller’s payoff as commitment vanishes when the

18



set of buyer’s values and commitment types are rich: it is approximately the same
as what she could get by making an ultimatum offer to the buyer at a price below
p* = max{v/2,w}. The second part, Proposition 3 shows that max{v — p*, w} is a lower
bound on the payoffs of a buyer with type (v, w) in the above limit, and also provides
regularity conditions that identify the ultimatum price the seller would charge, and so

precisely predict limit equilibrium outcomes.

In order to formally present these results, I must first define what makes the sets of
buyer values and commitment types rich. I say that the set of buyer values is € > O rich
if for any d € [v, V], there exists some v € V such that |v — d| < &. This means that the
difference between two consecutive buyer values must be less than 2. Given a rational
buyer’s type distribution, I say that the sets of agents’ commitment types are £’ > 0 rich
if for any d’ € [0,v — w], there exists some p; € P; such that [p; — d'| < & fori = 1,2.
When I say that set of buyer values and commitment types are rich, I informally mean
that they are respectively € > 0 and &" > O rich where € ~ & ~ 0. However, in fact, my
results first fix the € richness of the buyer’s values, and only then choose the & richness
of commitment types. I also define H(p) = X, ,)v—w<p &(v, w) for any p € [0, 00), as the
fraction of rational buyers that find the price p unacceptable, v — p < w; for instance if

net values were approximately uniformly distributed on [0, 1] then H(p) = p.

Proposition 2 then presents precise upper and lower bound on the seller’s equilibrium
payoff, V. For any € > 0, consider any distribution of rational buyer types that is &
rich, and assume agents’ prior probabilities of commitment vanishes at the same rate
(zf = 0,z}/2} € [1/L, L] for some L > 1). Then for any 6 > 0, there exists & > 0 such
that if the distribution of commitment types is &’ rich, the seller’s limit payoff is at most
¢ greater than what she could from choosing an ultimatum at any price below p* + 2¢
(the upper bound). Moreover, her limit payoff is least what she could from choosing an
ultimatum at any price below p* minus 2¢ (the lower bound). Clearly, this tightly pins

down seller’s payoff for small €.

Proposition 2. For any 6 > 0, and any € > 0 rich distribution of rational buyer
types (g, 0), there exists some & > 0 such that for any sequence of bargaining games
(2!, i, Pi, 8,0, P)ics, with a & rich distribution of commitment types, z! — 0 and
7y/zy € [1/L, L] for some L > 1, the seller’s payoffs satisfy:

max (1 — H(p))p —2& < liminf V" <limsup V" < max (1 — H(p))p + 6.
pel0,p*] n n €[0,p*+2¢]

p

To explain the logic for this result, I first highlight something special about p* =

max{v/2,w}. It is the highest price p* such that the seller can always guarantee her
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offer is more generous than the counterdemand of any buyer who eventually concedes.

To see that a seller proposing p; < p* is always more generous than the counterdemand
of any buyer who eventually concedes, notice that if p; < v/2 then v/2 < v — p, and so

Py < ps < v/2 <v— p,. Similarly, p, < wimplies p, < p, <w < v’ — p,.

This feature of p* helps establish the lower bound on the seller’s payoff. Suppose price
ps maximizes the seller’s payoff when she can issue an ultimatum, but is restricted to
prices below p*. In a reputational bargaining game with a rich set of buyer values and
commitment types, we can then find a commitment demand p; € P; that is very slightly
smaller than p,, which ensures the buyer will either immediately concede or exit with
probability approaching 1 as commitment vanishes, and so provide a limit profit of
approximately py(1 — H(p,)). Any counterdemand made with positive probability in
the limit would make the buyer’s updated reputation in the continuation game vanish at
a weakly faster rate than the seller’s. If that counterdemand is not minimal, p, > p,
it is only made by ®“”s buyers who eventually concede, and because they are less
generous than the seller (since p; < p*), we know they must then immediately concede
with probability approaching 1 (Lemma 3, part (d)). If that counterdemand is minimal,
however, then it is very ungenerous, p, = p = 0, since the set of commitment types is
rich. The seller’s limit demand p; is ChOSC?l to ensure there is no ®“”s buyer type that
would wait until 7* to exit, and is greater than p, — 2& when buyer values are & rich."”
And so, in this continuation game the buyer must immediately concede with probability

approaching 1 (Lemma 3, part (f)).

On the other hand, when the seller proposes p, > p* and the set of buyer values and
commitment types is rich, there is a counterdemand for the lowest value buyer who
concedes, v!'”s that buyer which is more generous than the seller’s offer, where either
pyr = p*or p, < p*. Itis useful to distinguish between two cases depending on whether
a buyer with value v ever concedes: (i) p;, < v—w, and (ii)) p;, € (v —w,v —w). In
case (1) we must have p; > p* = v/2, and any counterdemand p, > v — p; for type
(v,w) € ©° is more generous than the seller’s offer. With a rich set of commitment
types there is such a (more generous) counterdemand with p, =~ v — p; < p*. In case
(i1) if there is a rich set of buyer values, then the lowest value buyer that ever concedes
vI'Ps must be close to indifferent to taking the lowest outside option v!'#s — p; ~ w.

Any counterdemand p, > v''»* — p, for type (v,w) € OF is more generous than the

151¢ ps < v —w then no ©®%”s will wait until 7* for any p; < p,. If pg > v — w then there is some

. - . , . . Lps v pp
ps ~ v!'Ps — w which ensures no such waiting. Since 1"*”2 is decreasing in v and 2"~ P2 x~ A T

. : v.pyp . . .
given p; ~ v!'Ps —w we have "2 > 1" for v < v!'Ps. Higher outside option buyers have even less
incentive to wait.
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seller’s offer. With a rich set of commitment types, there is such a (more generous)

counterdemand p, * w < p* < p;.

This second feature of p* establishes the upper bound on the seller’s payoff. Suppose
the seller charged some p; > p* with positive limit probability as commitment van-
ished, then her updated reputation in the continuation game must vanish (at a weakly
faster rate than the buyer’s). As highlighted above, given a rich set of buyer values and
commitment types there is a commitment counterdemand p;, € P, which would make
the lowest value buyer who concedes more generous than seller, p, > v''"s — p,, and
furthermore either p, < p* = v/2 (in case (i)) or p, * w < p* (in case (ii)). If the
lowest value buyer, v!»s — p,, makes that demand p, with positive limit probability,
therefore, the seller would immediately concede with probability approaching 1 due to

the Coasean force in the model (Lemma 3 part b), and in equilibrium she must do so.'®

The argument above implies a lower bound on the payoft V," of buyer type (v, w) of
approximately max{v — p*, w} as commitment vanishes (given a rich set of buyer values
and commitment types); this is claim (a) in Proposition 3. To get a tighter bound on the
buyer’s payoff and the outcome of the game, requires imposing regularity conditions
on the seller’s payoff function in the ultimatum game. These are similar in spirit to
requiring that arg max,<,- p(1 — H(p)) is unique, but must be slightly stronger to ac-
count for the richness of the sets of buyer values and commitment types. Part (b) says
that if the seller strictly prefers an ultimatum price close to p* to any lower price then
max{v — p*,w} is also an upper bound on the buyer’s limit payoff. Part (c) says that if
an ultimatum at a price p; < p* gives higher seller profits than any other price below
or just above p*, then as commitment vanishes in the reputational game, the seller will

charge a price close to py, and the buyer will either immediately concede or exit.

The definition below helps to formally describe conditions on the seller’s ultimatum

game payoff function. Given a distribution of buyer types and price p € [0, co) define
P(p) = min{p,max{v —w < p:veV}.

where max () = co. Clearly, p(p) = p if p < v—w, and otherwise p(p) < p is the largest
net value associated with a type (v, w) that prefers her outside option to accepting p.
When the set of buyer values is € > 0 rich, we have p(p) > p — 2e. Proposition 3’s

proof is in the Online Appendix.

11f y!P+ didn’t demand py, then some higher value v/ buyer must instead. If v!”* demands p}, < p,
she would have to immediately concede in the limit, while if she demanded p; > pj, the seller would im-
mediately concede. In either case, however, she would benefit by deviating to p,, to receive the fast seller
concession to the higher value buyers over a unbounded interval (in addition to any time O concession).
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Proposition 3. Consider any € > 0 rich distribution of rational buyer types (g, ®).

(a) There exists some & > 0 such that liminf, V,"" > max{w,v — p* - 2¢}...

(b) If p(p")(1 = H(p(p*))) > p(1 = H(p)) for all p < p(p*) and p(p*)(1 — H(p(p*))) >
(p* +2&)(1 — H(p)) for all p > p* +y for some y > 2¢&,'" then there exists & > 0

such that lim sup, V,"" < max{w +y,v — p* + 2¢}....

(c) If p(ps)(1 = H(p(ps))) > p(1 — H(p) for some p; < p* and p € [0, p(ps)) U (ps, p* +
2¢], then there exists & > 0 such that lim, 3, c(5 —2c ) Ms(Ps) = 1, and without
DPs,V,W

loss of generality lim, """ ({c, e}) = 1 when lim, us(py) > 0, so max{w,v — p,} <

liminf, V,"" < limsup, V,"*" < max{w,v — p, — 2&}...

...In any sequence of bargaining games (2!, rt;, Pi, 8,0, P)icsy with a & rich distribution

of commitment types, z; — 0 and z,/z;, € [1/L, L] for some L > 1.18

5 Extensions and discussion

This section discusses some of the implications of my model, and presents extensions of
it. In particular, I show how: results extend to an alternating offers bargaining protocol;
seller payoffs can increase in the buyer’s outside option or sunk costs the buyer must
pay to initiate bargaining (allowing endogenous participation); results depend on the

richness of the sets of agents’ types.

5.1 Alternating offers

Below I outline an alternating offers bargaining protocol, which is a minimal modifica-
tion of Board and Pycia (2014)’s protocol, where outcomes must converge to those of

the continuation game as offers become frequent.

In period 1 the seller can propose a price p; € [0,00). The buyer observes this and
can then accept, reject, or exit (taking her outside option). If still bargaining in period
n > 2, the buyer can propose a price p, € [0,00). The seller observes this and can
accept, or make a counterdemand p; € [0, o). If the seller makes a counterdemand the

buyer observes this and can accept, reject, or exit. If one of the players accepts, or exits,

7This last condition must be satisfied for large enough y. It ensures the seller wouldn’t want to
announce a high price p; > p* + y if that always elicited a counterdemand p;, < p* + 2¢.
8The statement after the ellipsis should follow each item (a), (b) and (c).
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the game ends. If the price p is agreed in period n, a rational seller gets 6" 'p and a
rational buyer 6"~'(v — p) where § = e for some period length A > 0. If the buyer
exits in period n, rational payoffs are 0 and 6"~'w respectively. The description of types

is unchange except now assume p = min P, < ming, ece vV — W.

In this model, in any equilibrium the buyer never reveals rationality before the game
ends. This is an immediate consequence of Lemma 1 from Board and Pycia (2014). The
reason is that if a rational buyer did reveal rationality, a rational seller will never propose
or accept a price strictly below that of the lowest net value type she still considers
feasible. Given that, the lowest net value type’s continuation payoff will be (weakly)
less than her outside option w. Of course, if such a type faces a committed seller,
her continuation payoff is below max{v — p,,w}. In either case, however, the buyer
could have obtained the payoff max{v — p,, w} in the previous period without it being

discounted, hence, she would never wait.

On the other hand, for any € > 0, there exists A > 0 such that if A < A and the seller
has revealed rationality but the buyer has not at history #,, then the buyer’s continuation
payoff is at least max{v — p,, w} — & and the seller’s is at most p;, + &. This follows almost
immediately from Abreu and Gul (2000)’s Lemma 1, a reputational Coase conjecture
argument (a discrete time analogue of the argument at the start of Section 3). As offers
become frequent, A — 0, therefore, the game approaches the concession/exit game.
Abreu and Gul (2000)’s Proposition 4, provides a complete proof of such a convergence

result in a fixed surplus setting, e.g. one rational buyer type with v > w = 0.

With more general bargaining protocols, there will typically always still always be an
equilibria which converges to the continuation game I analyze. Assume the seller al-
ways believes she faces a buyer compatible with her commitment demand p, < v —w
if the buyer reveals rationality, then such a buyer must concede almost immediately
when offers are frequent. However, it might be possible to construct other equilibria
where the buyer sometimes reveals rationality, since the possibility that she is a rational
type that would never accept the seller’s commitment demand provides its own form of

commitment.

5.2 Effects of outside options and sunk bargaining costs

In this subsection, I highlight how the buyer’s private information about values and
outside options can have quite different effects. In particular, I show that the seller’s
payoff can increase in the buyer’s outside option. A higher buyer outside options cause

her to opt out of bargaining (exit) allowing the seller to effectively commit to a higher
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price. Such endogenous participation also means the seller may benefit from a sunk
cost that the buyer must pay to initiate bargaining. Interestingly, when sunk costs are
non-negligible, bargaining outcomes may always appear fully Coasean (in particular

efficient) with respect to those who initiate bargaining.

Both a buyer’s value and her outside option determine her net value, v — w, the potential
gains from trade with the seller. However, the model predicts that these two components
can have very different effects even when holding the distribution of net values fixed.
To see this, consider three simple examples, in all of which the buyer’s net values are
approximately uniformly distributed on [0, 1]. Example i): the buyer’s value is known
to be v = 1 but her outside option is approximately uniform on [0, 1], so p* = v/2 =
1/2. Example ii): the buyer’s outside option is know to be w ~ 0 but her value is
approximately uniform on [0, 1], so p* = w =~ 0. Example iii): the buyer’s outside
option is known to be w = 1/2 and her value is approximately uniform on [0.5, 1.5],
so p* = w = 1/2. In all three examples the seller will charge p; ~ p*, however, the
value of p* varies. In 1) and iii) p* = 1/2 and so the seller’s payoff is approximately 1/4,
whereas in ii) p* ~ 0 and so the seller’s payoft is likewise close to 0. The key difference
is that in 1) and iii), the seller price p; ~ 1/2 is generous to all buyer types who find it
acceptable, v — p; > 1/2 and so they cannot make a more generous counterdemand (we
must have p, < v — p,). In ii), however, a price p; ~ 1/2 is very ungenerous to some
buyer types who find it acceptable v!»» — p, ~ w ~ 0, and hence such types can make a

low counterdemand p;, ~ w ~ 0 which is more generous than the seller’s, p, > v'"*»—p;.

Extending example ii) shows how the seller’s payoff can increase in the buyer’s outside
option. Continue to assume buyer’s values are approximately uniform on [0, 1], but
now the outside option is w € (0, 0.25]. Net values are then approximately uniform on
[-w, 1 — w] and the seller will charge p, ~ p* = w for a payoff of (1 — 2w)w, which is
increasing in w." This suggest the seller may benefit from competitors, who provide
more attractive outside options for buyers, and allow her to partially escape the Coase
conjecture. Although a key message of Board and Pycia (2014) was similarly that
the seller could benefit from positive buyer outside options, in their model the seller’s

payoff is always decreasing in the buyer’s outside option (so long as it is positive).

In the above example, I allowed the buyer’s outside option to exceed her value w > v,

however, in other examples the seller can benefit from higher outside options even when

20

always maintaining w < v.”” Formally, in the baseline model, I assumed v > w for all

9If w € (0.25,0.33] the seller again charges p, ~ p* = w for a payoft of (1—2w)w, and if w € (0.33,1]
she charges p, ~ (1 — w)/2 for a payoft of (1 — w)? /4.

20Suppose v ~ U[1,5] and w € [0.5, 1], so net values are approximately uniformly on [1 — w, 5 — w]
and the seller will charge p; = p* = w for a payoff of w(5 — 2w)/4, which is increasing in w.
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(v,w) € ©O. This simplified the exposition but had no effect on the results because
rational buyers with v —w < p would always exit at time 0% (see Lemma 4). Below, I
highlight additional ways in which the types who choose to initiate bargaining can be

endogenously determined.

First suppose that buyers can take their outside option very slightly before the start of
bargaining, something I call “negligible” delay. If there is a rich set of commitment
types, all positive net value rational buyer types (i.e. our previously defined ®) will
wait for this negligible delay because they receive payoffs strictly above their outside
option when a committed seller type demands min P; < min{fv —w > 0 : (v,w) € O}.
This outcome is in contrast to Board and Pycia (2014), where even negligible delay

would cause the whole market to unravel.

What happens if the delay required before bargaining is non-negligible? The benefit to
all buyer types from bargaining outlined above (occasional low prices min P from com-
mitted sellers) becomes vanishingly small as commitment vanishes, and may no longer
justify delay in taking an outside option. Suppose, therefore, that the buyer can either
immediately take her outside option w, or wait to bargain with any bargaining payoffs
then discounted by 6 < 1 (i.e. she has to wait —In(6)/r before getting to bargain). In this
case, with a rich set of buyer values and commitment types outcomes are approximately
equivalent to those when the seller charges an ultimatum price of exactly p* = v/2 > w
where now v = min{v > 2w/d : (v,w) € O} is the lowest value buyer who initiates
bargaining.?! Only rational buyers with §(v — p*) > w initiate bargaining. With respect
to such buyers, outcomes may appear Coasean: there is immediate agreement at the
price v/2, the same price as would be agreed if the buyer was known to have type (v, w).
It may also appear that the buyers’ “small” outside options w < v/2 = p* < v — p* are
irrelevant to bargaining (as in Binmore et al. (1989) under complete information). How-
ever, both appearances are misleading. There be substantial inefficiency due to types
with 6v > w choosing not to bargain, and outside options do play a role in determining

prices by determining v.

The seller’s equilibrium payoff can be increasing in the buyer’s cost of delay (1 — 0),

because delay deters low value buyers from bargaining (it acts as a screening device),

21Ty see this, assume the seller charges an arbitrary deterministic limit price p, let OF = {(v,w) €O :
w < 6(v — p)} and yﬁ = min{v : (v,w) € ®7”}. Outcomes must then be approximately those where the
seller chooses any ultimatum p; < p*? = max{v?/2, w} where for consistency we need p; = p. Suppose
that p; < p* and p; < g‘v’ = min{v—w : (v, w) € @} then the seller could profitably increase her demand.
Hence, if p, < p*’ﬁ we need p, = gﬁ, but we can never have p, = gi’ because then w > §(v — py) for
some (v, w) € @, a contradiction. And so we must have p; = p*? < uP. If p; = p*? = w > v?/2 then
v — ps <VP/2 < w < w/6, a contradiction to ps < u”. Hence, we must have p = p*? = y?/2 > w. And
so, u? > p = v/2 where y = v/ = min{v > 2w/6 : (v,w) € O}.
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allowing the seller to charge a higher price.?” This can help explain why some sellers
appear to make their goods intentionally hard to purchase, beyond just restricting supply
(e.g. Birkin bags?®). Interestingly, even as 6 — 1, outcomes need not converge to those
of the negligible delay model.>* This is because waiting is a form of sunk investment
cost for the buyer and there is a hold up problem: the seller cannot commit to the low
prices that would encourage greater investment. Of course, when delay is lengthy, ¢ <

2w/v, the hold up problem will inefficiently deter any buyer from initiating bargaining

Analogous predictions hold when the buyer must pay an additive sunk cost ¢ > 0 to
initiate bargaining.”> Assuming negligible delay, the lowest value buyer which bargains
is then v = min{v > 2(c + w) : (v,w) € @}, and there is again immediate agreement at a

price of p* = v/2.

5.3 Rich type space requirements

In this subsection I illustrate the need for the sets of buyer values and commitment types

to be rich for my results to be meaningful.

I first highlight that if the set of buyer values is not sufficiently rich, prices may be
much higher than the Coase conjecture would lead us to expect. My main result shows
that as commitment vanishes rational seller’s will never demand more than p* + 2¢ as
commitment vanishes when the set of buyer values is e-rich (and there is a rich set of
commitment types). For the set of values to be & rich we need that for any d € [v,V],
there exists some v € V such that |[v — d| < . If the set of values is sparse, however, &

may need to be large.

For instance, consider the case of binary values, v € {v,v}. The set of values is only
g rich if 26 > v — v. If we additionally assume min{v/2,2w} > v the seller can in
fact charge p, = v/2 € (p*, p* + 2¢). This equals the highest price she could charge

if the buyer was known to have value v, even when v is very large. As commitment

22For example, suppose rational buyer’s values are approximately uniform on [0, 1] and their outside
option is w € (0,6/2). For § < 1, we have v = 2w/§ and the seller charges w/¢ for expected profits of
(1 -2w/d)w/é. The seller’s payoft is decreasing in 6 when § > 1/(2 — 4w), so that for w < 0.25 the seller
benefits from some delay, 6 < 1.

23For example see https://baghunter.com/blogsfinsights/how-to-get-birkin-bag-from-hermes on the ob-
stacles to acquiring such bags.

24For the example in footnote 22, as & — 1 the seller’s payoff approaches (1 — 2w)w. When w > 0.33,
this is strictly less than her payoff in the negligible delay model of (1 —w)?/4. If w < 0.33 then her payoff
in the negligible delay model is also (1 —2w)w. The order of limits matters here: first 7/ — 0 then 6 — 0.

ZThese costs may take the form of fees for lawyers and advisors in negotiations. Initial contracts
specifying breakup fees before entering advanced negotiations (typical in mergers) can play a similar
role (while also affecting disagreement payoffs).
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vanishes, any high value buyer immediately concedes to that demand, while any low
value buyer immediately exits. This is because that demand is more generous than
any counterdemand p, € (p, ps) of the high value seller, v — p; > p;, so the seller
concedes and builds reputati;n faster.?® Introducing a third buyer value V' that is slightly
higher than v/2 + w rules out the price p; = v/2, because the value V' buyer could
counterdemand slightly more than w which is more generous than the seller, v'—p; < pp,

so she would builds reputation more quickly, causing the seller to immediately concede.

A rich set of buyer values is only needed because outside options are positive, w > 0.
If w = 0 my results easily extend to show the buyer would choose her best ultimatum
price p; < p* = v/2 regardless of the richness of buyer values. In that case, if the
seller made a demand p, > v with positive limit probability, then buyers with type (v, 0)
would demand p and then wait until at least 7* to exit, which would mean the seller
must immediatel_y concede with probability approaching 1, by the same logic as Lemma
3, part (c). If p, € (v/2,v), however, then (v, 0) can counterdemand p, =~ v — p, < v/2,

to which the seller would again have to immediately concede by Lemma 3, part (b).

As stated previously, the assumption that for any value v € V there is a positive prob-
ability of the lowest outside option, g(v,w) > 0, is also implicitly about the richness
of buyers’ types. Without something similar to this assumption, the main results can
break down. In particular, suppose that instead w = h(v) > v/2 where h(v)/v is strictly
decreasing, then outcomes are approximately equal to those where the seller can choose
any ultimatum given a rich set of commitment types. In this case any seller price p; is
more generous than the counterdemand of any ®“”s buyer who eventually concedes,
and so buyers immediately concede or exit as commitment vanishes; v — p; > h(v)

implies p, < (v — h(v)) < v/2 and so for any counterdemand p, < p, < v — p,.”’

The main result also depends on a rich set of commitment types, and in particular buyer
commitment types that make ungenerous offers p = 0. All types of rational buyer could
benefit if they were constrained to make more generous offers, p >> 0. Consider an

example where buyer has value 5, or 6 each with probability 0.24?, value 13 with prob-

2Moreover, after the ungenerous counterdemand p ~ 0, a low value buyer never waits as the seller

concedes at rate /lz’g’ps =r(v - py)/(ps — p) = rsince 2™ = rw/(v—p —w) <r.

2"1f p,s € argmax,(1—H(p))p then p, = v—h(v) for some v € V, and there exists p, € (ps—2¢’, p)NP;
given a & > 0 rich set of commitment types. If p; < v — h(v), then by Lemma 3 all must buyers
immediately concede in the limit. If p; > v — g(v) then /l:lvm PR WP = p)/(ps — p) < (h(v"P) +
2¢/)/(v"Ps = h(v'#+) = 3&’) whereas "2 = h(v)/(v = h(v) = p) < h(v)/(v = h(»)) for v < v, We

have A(v!'P5)/(W!Ps — h(v1Ps)) < h(v)/(v — h(v)) given that h(v)/v is decreasing in v < v'7s, and so for all

Lrs po ’
& > 0small enough A, "% < APl By emma 3, therefore, the seller can guarantee a payoff of

argmax,(1 — H(p))p — 2¢&’.
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ability 0.48, and values {7, 8, ..., 12} each with probability 1/150, and a known outside
option of w = 3 = p*. With a rich set of commitment types we must have an upper
bound on seller prices is 4. However, the seller will actually choose p, ~ p* = 3, for
a limit payoff of 2.28 (buyer v = 5 immediately exits). On the other hand, if the buyer
can only imitate commitment prices greater than p = 1.5, there are multiple equilib-
rium limits, which include one where the seller algvays proposes a price just below 2,
which is accepted by all buyers; if the seller charges higher prices, a value v = 5 buyer

demands p = 1.5 and waits until T* to exit.”®

5.4 No buyer offers

Many settings relevant to the Coase conjecture, may seem to offer buyers very limited
opportunities to make counteroffers. Of course, buyer counteroffers may be vanishingly
unlikely in equilibrium in my model, even when the potential for such counteroffers
significantly determines the seller’s (ultimatum) price; only if the seller charged higher
prices would the buyer make counteroffers. However, it is also of interest to understand

what would happen if the buyer could not make counteroffers.

If we continue to assume that there are a rich set of buyer commitment types (who don’t
accept less than a target price), then as commitment vanishes the seller can effectively
choose any ultimatum price, consistent with Board and Pycia (2014); this shows the
clear benefits to the buyer of making generous counteroffers, consistent with findings
from the previous subsection. In a discrete time game with no buyer offers and frequent
seller offers, Abreu and Gul (2000)’s reputational Coase conjecture implies that if the
seller reveals rationality she must almost immediately propose a price acceptable to
the lowest commitment demand of p ~ 0 < min, ) v — w. Hence, outcomes must
effectively converge to a continuous time concession game where the seller can choose

any commitment price from a rich set but the buyer can only choose p (the seller screens

2There are also equilibrium limits similar to those when p ~ 0, where the seller effectively makes
an ultimatum offer just below 3. To see how the low price equilibrium holds together, first notice that a
rational seller certainly prefers to charge just below 2 instead of p, € (2,2.63) as those prices risk much
higher disagreement with little benefit. After demands p, € (2.63,3), which aren’t never made (only)
in the limit, the buyer immediately concedes with probability approximately (2 — p)/(ps; — p) < 0.44

to make the seller indifferent between this demand and demanding just below 2. With the residual limit

- . Ps:PV Ps:P
probability the buyer demands p. Buyer and seller then concede continuously at rates 4, ~ and 4, ~

until time 7*, at which the buyer exits with probability 0.24 (in the limit, when she has value v = 5)
and concedes with probability 0.24p/(ps — p). This concession is much larger when p >> 0, which
helps the buyer build her reputation. It is also important for this construction (and can be easily verified)

that the buyer with value vy prefers to wait to exit at time 7" given the high initial rate of concession

PPV DssP:vsW
A= >4 .
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through commitment types that accept larger prices arbitrarily quickly). Given that, for
any d € [v,v] — w, the seller can choose a price arbitrarily close to d which is more
generous than p < v!’s — p, for buyers who find it acceptable. And so, as the probability

of commitment vanishes, the buyer must either immediately accept this price or exit.

Unlike my results when the buyer can make offers, the above conclusion depends on
buyer outside options being strictly positive. If instead w = 0 the seller would propose
a price below v as commitment vanished, in order to ensure no buyer exited at 7* or
waited forever. That alternative prediction is broadly consistent with Inderst (2005),
who assumes the buyer is always rational and cannot make offers (and so accepts v),

while the seller might be a commitment type.
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A Appendix: Proofs of results

I first prove the supporting lemma below, which helps establish Proposition 1.

Lemma 4. In any equilibrium in the continuation game at 03 after demands p and py

(a) It is without loss of generality to assume g(v,w) = 0 if v — w < pp (henceforth, this is

assumed throughout).

(b) If x = 0, as when ®° = 0, then without loss of generality Fy0% = 1-17, En0% =0,
Ep(0%) =1 -3,

(c) If ps € Psthen T* < oo,
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(d) If ps & Py, but py € Py, then F5(0%) = 1 (and so clearly T* < ).
(e) If ps € Py, pp & Py, and x = 1 then F,(0%) = 1.

(f) If ps € Py, then Fyp(T*) = (1 —Zp)x and Ep(T*) = (1 — Zp)(1 — x). Similarly, if pp € Py then
Fy(T*) = (1 -2Zy).

(g) If Fg jumps att > 03 then F}, and E}, are constant on [t — &, t] for some € > 0.
(h) Fyis continuous att > 0%,

(i) If Fy is continuous at t then so is U™ and U,;"™". Likewise if Fj, and Ej, are continuous at

t then so is Us.
(j) Fyand Fy are strictly increasing on (0, T™].

(k) The skimming property holds: if a buyer with value v concedes at t then a buyer with value

Vv > v will not concede after max{t, 04).

Proof. For (a), suppose that 1,*"""(py) > 0 for some v — w < pj, then such an agent would

certainly always exit before 0* as her best payoff in the continuation game is less than w, and
if the buyer ever conceded to her with positive probability she would have a strictly profitably

deviation of conceding at 0 instead.

For (b), notice that since buyer can never concede in equilibrium, without loss of generality,
Fp(t) = 0. Suppose that F(f) < 1 — Z; for t > 0 then deviating to concede at 03 is always a
profitable deviation. This deviation would also be profitable for the seller if she conceded at
0* and E,(0%) > 0, while if E;(0*) = 0 then it is still weakly better for the seller to concede
at 0° than 0%, hence in all cases we may assume F 5(0%) = 1 —Z,. If F(0%) > 0, then clearly
E;(0%) = 0 (as exit at 0* would be a profitable deviation for the buyer given (a)). If Z; < 1, then

we must, however, have E,(0*) =1 -2, given w > 0.

The argument for (c) is standard (e.g. see Abreu and Gul (2000)). If p, € Py, then if a rational
buyer does not concede or exit, she must believe the seller will concede shortly afterwards, and
so her belief that the seller is committed increases if there is no concession. Repeating this
argument, the buyer must eventually become convinced of the seller’s commitment by some

time T* < oo and will then concede or exit.

The reasoning for (d) is similar: given p, € Pp if the seller does not immediately concede,
she must eventually become convinced of the buyer’s commitment by some 7" < oo and will
then concede. Given that, however, no rational buyer will concede to her on [T* — &, T*] for
sufficiently small & > 0 (strictly preferring to wait for the seller’s concession), implying that she

must have conceded by T* — &, a contradiction. The argument for (e) is analogous.
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For the first part of (f), notice that at time 7%, the buyer knows that the seller is committed to her
demand and so will immediately either concede or quit. For the second part, the seller likewise

knows that the buyer will never concede after 7, and so will immediately concede herself.

For (g), we can assume that v — p, > w for all buyers by (a). Given p, < p, and the seller’s
positive concession at ¢, the buyer would strictly prefer to concede, or respectively exit, an
instant after time ¢ than on [f — &,7] for £ > 0 small. Given (g), if F, jumped at r > 0* then
F;, is constant on [t — &,¢], and hence the seller would prefer to concede strictly before ¢, a

contradiction which implies (h). Part (i) is immediate from the definitions.

Suppose that (j) did not hold, so that F;(f) = F;(’) for some 0 < t < ¢/ < T* and i. Let
t7 = sup{r : Fi(r) = Fi()}. Clearly, agent j will not concede at 7 € (¢, 1) as conceding slightly
beforehand would strictly improve her payoff, and hence ; = 7;. As F, and hence U,"" is
continuous after 7, conceding at or slightly after 7, delivers a strictly lower buyer payoff than

conceding at 7 € (1, 7). Hence, t;; cannot be the supremum, a contradiction.

For (k), given that conceding at ¢ is optimal for type (v, w) we can assume ¢ > 0* and that F
is continuous at ¢ (if the seller conceded with positive probability at 0° or 0* then the buyer

wouldn’t), and at ' by (g) and (h). So let D(v) = U;™“(t) = U, (') for ¢’ > t:

Te(t,t)
D@>=—j‘ (v = pp)e TdF (1) + (v = py) (1 = Fs()e™ = (1 = Fy(@)e™) 2 0

Notice that

Te(t,t’)
dD(v)/dv = - f eTdF (1) + (1 — Fy(0)e™™ — (1 = Fy(f'))e™""

2(1 _ (v—ps)
(v—p»)

ﬂa—nmw”—u—ﬂwm“)>o

where the first inequality uses D(v) > 0, and the second uses (1 — Fy(#))e™ > (1 — F J())e™ "
and ps > pp. Hence, D(V') > 0. O

Proof of Proposition 1. Part (f) of Lemma 4 establishes the part (4) of the Proposition. By part
(a) we assume g(v,w) = 0if v — w < pp. Part (b) means we can focus on continuation games

where ©° # 0, so v! is well defined.

For such games, I next establish parts (1) and (2) of the Proposition. By Lemma 4 part (j),
Fj is strictly increasing on (0, 7). This implies that if 7" > 0, the set of times Of at which
it is optimal for some type of agent i to concede, must be dense in (0, T*) N (#*!, ). By the
skimming property only types (¢, w) € ©¢ concede on (#**!, #*). By Lemma 4 parts (h) and (i),
we also have that F; and so U,""" are continuous at # > 0. Combined with the density of Of in
(1, ) therefore, we must have that UZ’Vk’W is differentiable on that interval, with a derivative

equal to zero, d UZ’Vk’W(t) /dt = 0. This immediately implies that the seller must concede at rate

32



k .
Ay on that interval.

A buyer of type (v, w) € ©°, with """ > Azk prefers to exit earlier on (!, #) than later, as the
inequality implies d UZ’Vk’W(t) /dt < 0 on that interval. Moreover, given the skimming property
and the continuity of UZ’Vk’W at t > 0 (parts (h) and (i) of Lemma 4), such a buyer would prefer
to concede at some point in (£*!, ) rather than at any later time (as any buyer concession after
t* is even slower). Likewise, if 1" < Azk for (v,w) € @9, then such a buyer prefers to concede
later on (#*1, /%) than earlier as d UZ’vk’W(t) /dt > 0. Given the skimming property, therefore, she

l‘k+ 1

will not concede before #* (as any buyer concession before is even faster).

I next claim that F}, is continuous on (1, /). If F, jumped at some ¢ € (1, /%), then F, would
necessarily be constant on [t — &, t], for some small € € (0,¢— #*+11, because we have established
that the buyer will not exit on (#**!, %), while the seller prefers that the buyer concedes to her,
rather than that she concedes. This, however, would contradict the required seller concession

k .
rate of A} on that interval.

Given the continuity of Fj and Ej on (#*+1, /%), U* is also continuous, by Lemma 4 part (i).
Combined with the fact that Of is dense in (1, /%), we must then have dU,(r)/dt = 0 and so

the buyer must concede at rate Ap.

I next argue that (without loss) the buyer never concedes or exits at 0°> and the seller never
concedes at 0*. Suppose instead that a seller conceded with positive probability at time 0%, then
certainly a rational buyer cannot concede or exit at 0° or 0* (or the buyer would strictly prefer to
concede or exit an instant after 0*). Hence, outcomes are not affected by switching such seller
concessions to time 0. Likewise, if the buyer conceded or exited at 03, then certainly the seller
cannot concede at 0% or 0%, or the buyer’s decision would not be optimal. Hence, outcomes are

not affected by moving any buyer concession or exit to time 0.

Next consider part (3) or the proposition, and suppose the seller concedes with probability
strictly greater than apy/(ps — pp) at *. If £ € (0,T*], since F}, has at most finitely many
jumps at times #X, ..., t', there exists some & > 0 such that the seller would prefer to concede an
instant after % than on (** — &, t*]. However, this would contradict that F is strictly increasing on
(0, T*), Lemma 4 part (j). Hence, such large concession requires X = 0* (recall, we can assume

no buyer concession or exit at 0°). Clearly, in this case seller will not concede at 0° (or 0%).

Now suppose the seller concedes with probability strictly less than ap,/(ps — pp) at time . If
t* < T*, then the seller would prefer to concede at * compared to conceding on (¢, + &] for
sufficiently small € > 0. However, this would contradict that F'; is strictly increasing on (0, T*),
Lemma 4 part (j). Hence, such small concession requires #* = T*. If #* = 0%, a rational seller
would prefer to concede at 03 rather than at 0% or (0, &), and hence without loss, any rational

buyer must have always conceded by 0* = T*.
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Proof of Lemma 2. First notice that if F£*(0%) = 0 for all p, € P then any exit and concession
by a rational buyer that occurs by 0% can instead be moved to 0? without affecting outcomes or

incentives so that EZ” 0H=F g” (0*) = 0. Henceforth, assume this.

Let 77 = max{v : ., )coc 15 (pp) > 0}. By the skimming property (Lemma 4, part (k)) the
payoff for (2, w) € @¢ from demanding p;, € P is F*(0Y)(# — pp) + (1 = FE*(0*)@P — py),
while her payoff from demanding p), is at least F1(04)(#” — py) + (1 = FLP(0*)( — py). Tf
F 52(04)(p§ - p,) > F¥(0"(ps — pp) then type #* will not imitate type pj (a contradiction).
On the other hand, if Ff;’(04)(ps - p}) < F?(0")(p, — pp) then type 7 will not imitate type
p,,- Hence, if pj, and p; are both imitated with positive probability by some buyer in ©° then
FP (0% (py = p) = FI*(0)(ps — py); if py < p) therefore F12(0%) = FI*(0%). If pl, > py € P,
and p; is demanded with positive probability by some rational buyer, then some ®° buyer must
demand p;, with positive probability: if not, (1 —ZZ” )xP» = 0, so a rational seller will immediately

concede and Ff;’(04)(ps - p;) < Ffb(04)(ps — p»), a contradiction.

Let v"» be the maximum value buyer such that some (¥77,w) € ®° demands p, with positive
probability, but has not always conceded by time 0*. Suppose that Py, > pp € Pp is demanded
with positive probability by rational buyers but ¥5 is not well defined because all those buyers
concede or exit by 04, F glb (0% +EZZ’ (0% = 1-%, > 0. A rational seller must therefore concede at
0? after p), with strictly positive probability (or we could move the buyer’s concession and exit to
0%), and so Fsp;(O“)(ps—p;) = FP"(0%(ps—pp) > 0. The payoff of type (v, w) € ®° who demands
p), and exits at 0*is then w + F f;’ OH(v - p), —w). Her pa}yoﬂE to demanding p, and exiting at
0* is then strictly larger w + FPPOHv—pp—w)=w+ Ffb(04)(v — ppr —w)(ps — p;)/(ps - Pb)
since (v — pp — w)/(ps — pp) is decreasing in p, < p; when v — pg > w. This implies xPh =1,
and so since the buyer concedes at 0* after p), with positive probability (¥ f;’ (0% = 1 -7,) the
seller strictly prefers to concede an instant after 0% than at 03, a contradiction. We know that
Ff’,’(04)(ps - p}) = FY"(0")(ps — pp) and so must have F{*(0%) < 1 -z, = F{*(T**) for pj, € Py
with p, < pj, and hence V7" is also well defined. The argument above shows more generally
that (without loss of generality) a buyer with value (v, w) € ®¢ will never demand p; > pp € Py

and then exit at time 0.

I next claim that ¥ = . Suppose instead ¥» < . The payoff to (¥, w) € ©° from
demanding p;, is FI* O"(ps — pp) + (W — py), which is also her payoff from demanding p;
and then conceding an instant after 0* (we established F f” (04)(ps - p;) = FI* (04)(ps — Pb)

above). However, the payoff to type (V7*,w) from demanding p; and waiting to concede after

e . . . Wb, p; b, p)
the positive interval on which she receives concession at rate /lz Po /li Po, (by Lemma 1)
is strictly larger, a contradiction. Similarly, if ¥ > ¥’ then ¥ will profitably deviate by
demanding pj,. Hence, ¥ = ¥P».
Recall that an agent with value v"* with m > 1 is indifferent between conceding at any point

in the interval [¢"+1-Po ¢™Pr] after demanding p;,. Now assume: (i) for any v, a rational buyer
with that value is indifferent between demanding p, before conceding at #"*!"?> or demanding
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p; > pp before conceding at 1Py and (i) P, > gty and th(lmﬂ,p;,) > FPo(pm+loy
(both strictly if 7+ > 0). Clearly (ii) implies e™""" (1 = FP*(m+1p)) > =" (1 -
F f”(t’"“”’;r)). Let the difference in payoffs for a buyer with value v between demanding p, € P,

before conceding at ™" or demanding p; > pj before conceding at time ™" be D"(v) =
yePrr(¢mpe) — USPi (™). Given (i) D"™*!(v) =, we have D"(v) = D"(v) - D"*!(v), and so:

f"*LI’b <T<t™Pb m+1 "
D"(v) = f e (v = pdF () = (e (1= F ) — (L= FR )0 - py)

’
tm+l,pb <7<f

- f e = pp)dFP ) + (e (1 = Py — e (1 = FP Py — py)

which implies,

dD"(v)
dv

1+ LPh <7< Ph m+1 "
f TR () = (7 (1 = FLA () — (1 = FR ()

tm+ 1 ,p; <1< tm,p;

’ m+1,p), / ’ mp} ’
_ AR (@) + (e (L= FY (@) — e (1= FR ()

- _ Pbom,p
— DPs — Db e—rtm“’pb(l _ F{v)h(tm+l,pb))(l _ e—r(t’"”’h—t'"”'pb) 1 Fs (t b)

V™ = pp 1= F{(m+1rs)
— , , , , Pl ¢ m.p),
+ Ps pb e—rtmﬂ’pb(l B Ffl’(;’"*'l’l’},;))(] B e—r(tm’ph—tw'l'pb) 1- FS (tm Pb)
m __ ’ 4 ’
Vv b 1= Ffb(l"n+l’pb)

where the second line imposes that type v is indifferent between conceding at #™*!-P» or P>

for any demand pj, (as required by Lemma 1), that is:
tm+|,pb <T<lm’pb m __
f AR (D) = (T (1 = PR ) — e (- PR ) L
‘ vt = pp

and also (V" = po)/(V" = pp) = 1 = =(ps = pp)/ (V" = Pp).

Other things equal it is clear that D" (v)/dv is strictly decreasing in #™P? and strictly increasing

in ™5 and equals O when both 77> = ("*1Ph and ¢"Pr = "+,

Given some equilibrium £, "*1-P, and "*1-P» we must have TP» > ("*1-ps 4 P, — fn+lpy,

, , . m Vi p!
Suppose not, then let s — 1P = g > T*P» — f+1pv Since 207 < A0 7 < A, " for all

V)

v < V" (since p, < p}) we have (1 — F{*(T*P))/(1 — F{*(i™+1re)) > " >t 1=
(1 = FPo(emPh)) /(1 = Fo(m19)), and so given F2P (2" 17h) > FP2 (¢ 1p) by (ii) we would
then have (1 — FP*(T*P»)) > 1 — FP*(#™Ph)) > Z,, a contradiction since p, € Pj. Suppose next
that g = ™Pb — {"*1Py = ¢mPv — "+1Pb gnd in this case let D"(g) be dD™(v)/dv defined as a
function of g. We then have:

m ./

AV , v
dD'(q) _ _ —ymim (1 = FPb (i)t g

dq

m+1,p;)

— vVpp —
(1 _ Fé’b(tm+l,ph))e (r+/13, )q +re rt

m "m’l/ A
where 1 use the identity r + A% ?* = r(V" — pp)/(ps — pp). Given that "+~ 4dD"(q)/dg
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. . . . . Vm,[?/ n _m+lp _ m+1,p/,
is strictly decreasing in g (since A, *” > A, P*) and e "' (1 = FEP (¢t 1pr)) > o770 7P (1 —

Fﬁ’i’(tm“’f’é)) (by (ii)) we have dD"(0)/dq < 0, and dD"(g)/dq < 0 for all ¢ > 0. Since D'(0) = 0
we must have D"(q) < 0 for all ¢ > 0. Since dD™(v)/dv is strictly decreasing in ™7, if
1Py — ntlpy > gnopy _ gt Lpy then dDM(v)/dv < 0 with dD™(v)/dv < 0 when ™Ps > {"*1Pp,

On the flip side, if dD™(v)/dv > 0 then we must certainly have ™-P» — f"+1Pe < Py — n+1p;,

I next claim that we always have dD"(v)/dv < 0. Suppose not, so that dD"(v)/dv > 0. Since
D"(¥"™) = 0 we must have D(v) < 0 for all v < v". Hence, all such buyers would strictly prefer
to demand p; and concede at ™75 than demand pj, and concede at >, This would then imply
that T*P» = P>, However, we observed above that T*P» > n+Lps 4 gnr, — gm+1ry, and go

Pe — Py > Pl g+ Py byt this implies dDY(q)/dg < 0, a contradiction.

We have established that one of the following hold: (a) dD™(v)/dv < 0 and no agent with
v < V" imitates p; only to concede, or (b) dD"™(v)/dv = 0. In case (b) we have 1™» — ey <
P — I, and so given (i), £ > P and FPP(¢Ph) > FPP (), stricty if £ >
0. Furthermore, in either case (a) or (b), given D"*'(v) = 0 for all v by (i), there is some
fmpe g [fm+Lpe ¢mPv] such that all buyer types are indifferent between demanding p), before
conceding at /-7 or demanding p;, before conceding at 77> where 7-P> < {"Ps and F f) ;’(zm’f’;r) >
FPP(#mPv), both strictly if Py > O (where 7™Pv = P if dD"(v)/dv = 0). Since m is arbitrary,
induction establishes that all (v, w) € ©° weakly prefer p, € Pj, over p) > p,.

Next, consider the incentives of an agent (v,w) € ®°. I claim that such a buyer would never
demand p,. We already saw that (without loss of generality) such a buyer would never demand
p), only to exit at 0*. Suppose then that it was optimal for such an agent to demand p), before
exiting at P> > 0. We can assume P> > "™*1Ph as otherwise it is optimal to exit at #"*1-75,
and hence D"™*!'(v) = 0. Given ™7 > "*Ps we established that all rational buyers must
be indifferent between demanding p;, before conceding at time 77> and demanding pj before
conceding at time P> > 0. However, in that case such a buyer must strictly prefer to demand
py before exiting at 77> to demanding p; before exiting at ™Ph. To see this, let D" (v, w) =

Ueyw-Po(fmpe) — VWP (#™Ph) be the increase in payoffs from this deviation:
D, w) = (7 (1 = FPP () — e (1= FR (™ Ph))(w = v + py) > 0

where the first equality follows from U®"WPs(r) = USVPe(t) + e7"(1 — FE (1))(w — v + py)
and UCVPe(fmPv) = USVPh(¢™Ph), and the inequality from e=""" (1 — FP2(#mPb)) > ¢~ (1 —

Ffb(tm’PZ)) and w > v — p;. Hence, demanding p; is never optimal for (v, w) € ©°.

Proof of Lemma 3. 1 first establish parts (a), (b), and (c). Suppose by way of contradiction that
lim, F"(0*) < 1. Since 7! = 1 — F(T*) = (1 — F"(0*))e~%"™" by Lemma 1, we must have

T*Jl — 00,
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For (a), define t* = —In(lim,, Z, — &)/ Ap < oo for some € € (0, lim, z;)). For all large enough n we
must have 7" < " since lim, Z, —e <z = 1 — Ep(T™") — F,(T™") < e 7" by Lemma 1, a

contradiction. Given this, for claims (b), and (c) assume lim, zZ§ = 0

For (b), notice that 1 — E} (1) — F) (1) < e~%! by Lemma 1. Hence by the skimming property
(Lemma 4 part (k)), for any £ € (0,1lim, g"(v, w)) for large n, at time t* = —[n(lim, g"(v',w’) —
€)/Ap < oo all remaining rational buyers with (v,w) € ©° must have v < V' < pp + p, and

hence A, > Ay. Butsince Z} = 1 — EX(T*") — F)(T*") < " and 2! = 1 - F}(T*") >

(1 — F1(0%)e b ~4T™=1) (hy Lemma 1) we have

1= F1(0%) < S oA = o o0 AT =)+ (05=An)
b

where the right hand side converges to 0 as T*" — oo since /l‘s” —Ap < 0. This clearly contradicts
lim, F7(0) # 1.

For (c), notice that type (v/,w’) € @ always demands p, > p (given Lemma 2 and "t <1
so that lim, g"(v',w’) > g(v',w’) > 0, and will not exit until after any type wh,w) € ©°, by
Lemma 1. For any ¢ € (0,lim, g"(v',w")) let * = —In(lim, g"(v,w) — €)/dp < oo. Since
1= E)@®) - F(n) < e for large n, by time * all (v!,w) € ® must have conceded, and so

t* > T*", which contradicts 7*" — oo.

I now turn to the proof of parts (d) and (e) and (f). The logic for (d) and (e) is almost identical
to that for (a) and (b). Given p, > p we must have x" = 1 (given Lemma 2) so that z; =
L= F(T"") = (- FZ(O“))e‘ﬂbT*’n by Lemma 1. Hence, if lim, FZ(O“) < 1 then we must have

T"" — oo,

Vl *,1 . . . . .
For (d) notice that 72 = 1 — F"(T*") < ¢ T"" by Lemma 1, which implies lim,, 7*" is bounded

above by —/n(lim,, Zy) //lzl , a contradiction.

vl *,1
For (f), by assumption v! — p; > pj, and so /lgl > Ap. Weneed 7! = 1 — F(T*") < e~ 17" and
SO

(1- FZ(O4)) < Z_be(/lb—/llfl)T*'” < Le(/ib—/lﬁl)T*‘”
Zs

where the right-hand side clearly converges to 0 as 7" — oo, implying lim,, F’ Z(O“) =1,a

contradiction.

For (e) let 7' = min{r > 0* : F B0 2 X! g"(v',w)}. By time 7" only rational buyers
with type (v!, w) € ®° remain. We clearly have F L) = sup;m F(8) < Xyimeoensvt &1V, w).
First consider some subsequence for which 7' > 0 for all n. By Lemma 1 the probability of
concession at 7' > 0 must satisfy (FZ(?”) = Fy @) (ps—pu)/pp < EZ(E") — E}(7") where the right

hand side is certainly less than 1 — x"* and so for small enough & > 0, for all sufficiently large n

Fp@) < =x"po/(ps=pp)+ Y, Fow<lim Y g'0w-e.

(v,w)ed@c:y>pl (v,w)e®¢
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And so, we have 1 — F Z(f") - EZ(E") > & for all sufficiently large n.

Similarly, suppose along some subsequence we always have 7' = 0%, then EZ(O4) =1-x". For
this subsequence, if lim, F’ 2(04) < lim, x" we must then again have 1 — F Z(f") - EZ(E”) > e
for some & > 0. For any subsequence with 7' = 0% or 7' > 0%, therefore, we must have
1 = F(T*") = EXT™") = (1 = Fi(@") = Ep@")e T~ and so clearly (T*" = 7") — oo

Vl *,1n
Combined with z; = 1 — F(T*") < ™ T we get

1- FZ(E") - EZ(E") > ¢ for some & > 0 for all large n. In that case, we must have 7 =

- - Z _ vl H_ N\ _ vl _ vl *0_
a- FZ(tn) _ EZ(tn)) < __be(/lh Ay (T =) =25 1 < L= XT"=1")
s

where the right hand side must converge to 0 given that 1, < /lgl and (T*" — *) — oco. This
contradicts (1 — F Z(fn) - EZ(E")) > & > 0 for large n. ]

Proof of Propositions 2. 1 first present some preliminary observations. Notice that by choosing
g > 0 sufficiently small, a & rich commitment type space must have p < & < min{v — w :
(v,w) € ®}. Moreover, let p; = max{p; € P; : p; < min{p*,v —w :_(v, w) € O}}, then for
small enough & > 0, we have p; > Ps and the seller will always demand p; € P such that
ps > ps. To see this, notice that demanding j,; guarantees that x”» = 1 and since p; < p*, any

V\PbsPs > Apbsﬁ.v
b

counterdemand pp, € P will imply A given p, < ps < min{p*,v — w}. After any

counterdemand p; € P the buyer makes with positive limit probability (for some subsequence)
we must have Zib’ﬁ ’

Lemma 3, the buyer must concede with probability approaching 1 in the limit. This would

/Zfs < L’ for some constant L’ and for all n sufficiently large. Hence, by

guarantee the seller a payoff of at least p; in the limit and so she certainly won’t demand less.
She will also never demand p; ¢ Pj as then the highest limit payoff she could expect would be
p. Nor will a rational seller ever demand py > v — w as she would then need to immediately
concede against any counterdemand (Lemma 4, part (a)), again giving her a limit payoff of p.

For py > v — w we can define WPs = max{yv € V : v < vbps), Suppose that the seller demands
ps with positive limit probability such that 2" %P2 < AP L emma 2, implies that
(VOPs, w) € O%Ps counterdemands p- Hence, by Lemma 3, we know that the seller must then
concede with probability approaching 1 in the limit, providing a limit payoff of p (as all buyers
will then demand p). This is a contradiction, as we already established the seller can guarantee a

payoff of p; > p. Hence, the seller can never make such a demand with positive limit probability

0,ps
and we can restrict attention to seller demands, p; € Pt = {p; € Py : ps < —wor A" RN
vhPs pop . .
A ~}. Also notice that for sufficiently small &’ > 0 we must also have that (p; — p)g(v, w) >

p(1 —g(v,w)) forall p; > pg and (v,w) € O.

I next establish the upper bound on the buyer’s payoff in Proposition 2. Recall that if the seller
demands p, € P, with pg > p,, then by Lemma 2 no buyer with (v, w) € ®Ps will counterde-

mand p; > p, where p < & < § in a small & > 0 rich set of commitment types. Hence, the best
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case for the seller who demands price p; is that all types (v, w) € ®@“Ps accept her demand and
all types (v, w) € ®“Ps demand p, giving her a payoff of at most (1 — H(p;))p; + 6. For the seller
to obtain a limit payoff larger than max (o, p=12¢](1 — H(p))p + 0, therefore, she must demand

ps > p* + 2¢ with positive limit probability; assume this.

Define p,* = min{p, € Py : pp > viPs — po). T claim that ﬁ’bjs is well defined and p;* < p* + 2¢
given a small &’ > O rich set of commitment types. There are two cases to consider, (a) p; < v—w
and (b) p; > v — w. First consider case (a) where yhrs = v. Sincev —w > p; > p*+2¢
we must have w < v/2 < ps —2¢, and so v — py < ps —4e. When & < g/2, there exists

Py € [v— ps,v— ps + €] N Pp in any & rich commitment type space, and so ﬁfs is not only well

defined but p}* <v—ps+e<y/2—&<p"

Next consider case (b). Let & = maxgep, 7 minyey [d — v|. Given that a rational buyer’s type
space is € rich, we must have that & < &. Since vhps v we have V05 well-defined. Moreover,
since vI'Ps — 28 < V0P < po+ w, we must have vIPs — p < w + 2&. Given & < & — &, there
must be some pp, € [w + 2&,w + 2¢) N P} in a ¢’ rich commitment type space, and hence ﬁbS is

well-defined with ﬁ‘ZS < w + 2g& < ps. Also notice that f)é“ >Vl —po>w>p.

Without loss of generality, I will assume that types (v!*?, w) € ©¢ never concede with positive
probability at time 0%. They will certainly never do so if the buyer concedes at time 0° or 0* for
some counterdemand, but if F£?*(0%) = 0 for all p, < p, then conceding at 0* is no different

from conceding at 0°.

Notice that if following some demand p;, € Py, with p, > p,* > p, we have lim, g P w) > 0
for some type (v!'7s, w) € @%Ps, then by Lemma 3, then the seﬁer must immediately concede
with probability 1 in the limit. A similar conclusion holds if lim, z,"""" > 0. Clearly, if
lim, F fj’ﬁgx’n(O“) = 1 then no buyer would imitate p, > p;* in the limit and so the seller’s
payoft would be less than f?is(l -H (ﬁis)) + 0, establishing the desired seller payoff bound.

Py’

aPs
Suppose instead, therefore, that lim, F.""* " (0%) < 1, implying lim,, ZZ"

0 for all (v1'Ps, w) € @“Ps. In turn, this implies v2Ps is well defined and 277" — co. Without

" =0and lim,, g"(v!Ps, w) =

loss of generality, all types (v!7s, w) € ®“s make some counterdemand and cannot demand Py

with positive limit probability. Suppose such types instead demand p; > f)ZS

with positive limit
probability, then since v!"’s — p; < p),» they will receive a limit payoff of ylps — p), (by Lemma

ADs
3). We must then have lim, F f‘”p” ’n(04) = (ps = P/(ps = ﬁis) < 1 to ensure rational buyers

demand ﬁif (see the argument in the proof of Lemma 2). Since f)‘gs > p, and ®%?s types never
ADS
demand p, > p, we have ng,p,, ’n(04) = 0. And so,

APs APs . APs . 205,905 i
PssP, PssP _p. pHPS DssD ADs 3, 42psiPyt
7, "+ (l=z"") E gl (WP w) =1 - Fmr (t5PsPy 1y = oW

(vl,pS ,W)E(")C’p&

n

. . HPs . ADs
converges to zero, implying t>Ps?» " — oo. Hence, by demanding pi“ type (v'Ps, w) € @%Ps
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secures a payoff of at least

4 2.ps:P
Lps _ aPs PPy 4 OisterT —rt Py
WP = oy (FT N 0h) + dFT T (1) W
2 Yv»[’x aps -
Z(VLPA ﬁZA)(Fpa Pb ’ (04) + —;7;5(1 Pa Ph E (04) P3Py, (1 _ Ff:sp;, ,ﬂ(ZZ,pS,pi ,n))))
.Y b

where the second inequality follows from the fact that v>Ps would find it optimal to concede at

PN .. . APs :
#PsPy" conditional on demanding pié, that is:

ZVPSvﬁb

0% <t<t P pﬁ: s Ds » ]7 2,[7.%1355 P ﬁpg n ps
f —rtdF 5:Pp T t) > —%(1 P b o (04) —rt (1— PP (;2’1’“1’1: "))
5 —_—

APs . .
but as r>P»P» " — o, the right hand side of (1) converges to

2.ps

N n —_ . . ADs n
017 pp(lim 08 + o = tim ), @
b
This equals (v = 5702 = p) /(0 = pE) given tim, U7 (0%) = (pu = pp)/(ps = B,
That exceeds v'"Ps — p), given that (vV>Ps — P/ (vV>Ps — pPs , ) 18 strictly increasing in v>Ps. This,

however, contradicts the optimality of a value v'-» buyer demanding ),

Next suppose that type (v!'Ps, w) € @%Ps imitates p, € (p. P, pls

) N Py, with positive limit prob-
ability, then since p; < vIPs — p. the buyer must concede w1th probability approaching 1 (by
Lemma 3), to give (v1'7s, w) € @“Ps a limit payoff of v — p,. However, since 2P+’ — oo
such a buyer could secure a limit payoff of at least 2 by imitating ﬁgs which exceeds v''Ps — py
even when lim, F’ f’“ﬁ;’”’n(O‘l) = 0 since (V25 — py)/(v>Ps — ﬁg“) is strictly increasing in V2Ps,

Again, this is a contradiction.
The final possibility is that lim,, ubs”"’“’w’”(p) = 1 for all (W!'Ps,w) € @°Ps. Given p, € P*

’or l,ps’ 55, .
we have """ 7L < /lz P for all (V',w’") € @“Ps. Hence, since (ps — p)gv"?s, w) > p(1 —
g(v""Ps, w)), the buyer must either concede or exit immediately with probability approaching 1 in
the limit by Lemma 3, giving (v"’s, w) € @“Ps a payoff of v!»s — p, which is again strictly less

ps

than the payoff of (2) she could have obtained by demanding p;°. This contradiction ensures

Fy Py (04) approaches 1 in the limit, so no buyer proposes a hlgher price and the seller’s payoff
is at most (1 — H(ps))p, pls +6 < maxpefo,p*+2¢](1 — H(p))p + ¢ since p;* < p* + 2e < p,. This
also shows (whether or not the seller demands p; > p* + 2¢ with positive limit probability), that
the buyer enjoys a limit payoff of at least max{v — (p* + 2¢), w}, establishing the lower bound on

the buyer’s payoffs in Proposition 3, part (a).

I'now turn to the lower bound on seller payoffs in Proposition 2. Let p € arg max e[ p+1(1-H(p))

and recall that p(p) = min{p, max{v —w < p : v € V}} and & = maxgep, 7 miney |d — v| < &,
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so that p(p) € [p — 2¢, p]. Let p, = max{ps; € Ps : ps < p(ps)}, where p, > ps < min{v —w :

(v,w) € O} and p, € [ps — 2¢, p(Ps)) N P in any &’ < & — & rich commitment type space.

I next claim p; € P} for a small & > O rich set of commitment types. If v = v then since

Ps < v —w we have p(ps) = p < v —w, otherwise let £ = min{v —v' : v # v € V} € (0,v) and

<= x PPN 5 VPP VsDssP
assume that 2&” < wg/(v—&). Clearly, if p(ps) < v—w then vl =y Forv>v, A, = <A, ™.

VD
Forv —w < pg, A

P . . o —
= < A""PoL (since the latter is increasing in w), and so p, € P:.

On the other hand, suppose that p(ps) > v — w and so v!'Ps —w = p(p,) < D, + 2&" and

vOPs < yIPs — & In this case we have,

WP =BT —w) — wp, < (w +28)00P = w) = WP — w —2¢)

<W+28)VPs —E—w) —wO P —w=28) < (WH2N)T-E-w) —wm—w—2&) <0

where the first inequality follows from p, > v!'"’s — w — 2&’, the second from v*7s < ybPs — &,

the third from v!"?s < v and the fourth from 2¢&’ < wé/(v — &). Furthermore notice that

P =)0 = py = w) = w(B, — py) ©)

is decreasing in pj, given v!"Ps — . > w and so must be negative for any p;, € (0, p,). I claim this
implies /gs,g,v”’s < APP"Y for all (v, w) € @%Ps, so that p, € P*. Clearly, the inequality holds
for (VOPs, w) by the negativity of (3). Since (3) is increasing in vOPs it must likewise hold for
any (v,w) with v < vO'Ps . Since (3) is decreasing in w, the claim must also hold for all (v,w) € ®
withv < v*Ps andw > w. If v > v!'Ps and v—w < py, we again have /IEIJ)S’E’E < /IZ’E’E < AVPeR

(since the latter is increasing in w). And so, p, € P;.

Hence, suppose the seller demands p,, then since p, < p* for any counterdemand p, < p,
we must have v — p, > p, for all (v,w) € ®%Ps. To see this, notice that if v/2 > p, then
v—D, 2v/2>Dp, > py,whereasif w > p,thenv—p, >w >w > p, > p, for (v,w) € @Ps,
Hence, if a buyer with (v, w) € ®“Ps demands p;, > p with positive probability in the limit, she
must subsequently immediately concede with proba‘t?ility 1 in the limit by Lemma 3 to give her

payoffs of (v — p,) for all large n (since ®*”s buyers only demand p).

As argued previously, it is without loss of generality to assume that type (v!'7s, w) always makes
some counterdemand p; € Pj, and so without loss to she counterdemands p with probability
approaching 1 in this limit (or she will get exactly (v!*?s—p)). However, by Lemma 3, therefore,
the buyer concedes with probability approaching lim,, xPP and exits with probability approach-
ing 1 —1lim, xP* at time 0* since (p, — B)g(vl’ﬁs, w) > p(1 - g(v!"Ps, w)). And so, the demand 7
secures the seller a limit payoft of at least (1 — H(p,))p, > maxejo,p+|(1 — H(p))p — 2& where
the inequality follows from p, € [p; — 2¢, p;]. O
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For Online Publication

Proof of Proposition 1

In order to prove this result I first define what I call a straightforward “straightforward” equilib-
rium in the continuation continuation game at 03 given p, € P and p;, € Py, and beliefs (Zy, Zp, &)

where Z; > 0.

I first define some preliminary objects that will help to describe such an equilibrium. For y €
[0, (1 —2)x] let

ko) =maxtk <K+1: > g,w)(1-3) >y,

V" w)e®:m>k

Clearly, %(0) =K+1,and E((l —2x) =1if g(vz, w) > 0 for (v3, w) € ©°. This is decreasing and
upper semi continuous in y. Also define k(y) = %(y) if y < (1 =2)xand k((1 — 2)x) = 0. Loosely,
if fraction y of buyers have conceded by time  then ¢ € (FKO)*1, O],
For k € {1, ...,K} let

G‘ky= >, zvw)

e ok
(Y, w)e®: A" > Ay

while G¢(K + 1) = 0 and G¢(0) = 1 — x. Notice that G¢(k(y)) is increasing and lower semi

continuous in y.

Next define
(3.9 = (ps — Po)G — ¥) — pu(1 = NG (k) — G (k())).

Loosely, this the difference between the present value payoff of p;, a seller gets by conceding an
instant before time ¢, and the payoft she would receive conceding an instant after ¢, if at time ¢ a
fraction (9 — y) of buyers concede and (1 — 2)(G*(k()) — Ge@(y))) exit. And then let:

$(@) = min{y = 0 : n(y,9) < 0}.

Loosely, § — 3(9) is the maximum probability of concession at time ¢ such that the buyer prefers
to concede an instant before ¢ compared to an instant after where y is the total fraction of buyers

who have conceded before time ¢.

It is useful to outline equilibrium strategies starting at time 7* = ¢!, which I relabel as “time”
7! = 0, and more generally will define equilibrium objects in terms of 7 = T* — ¢ € [0, o).
Define Fl(11) = (1 - Z,), F}(11) = (1 = Z)x, E}(t1) = (1 — 2,)G°(1), and then by induction for
kefl, .. K and T > 7 let 1-Fk(r) = (1= FA(hy)el &m0, Bh(r) = Bz, 1= Bh(Th)— P(r) =
(1-EfaN - F k(T%))et ™) Effectively, FX (respectively F }) correspond to the concession
probability of the seller (buyer) assuming she concedes at rate /lzk (Ap) on (¢, %) = (T* -1, T*—7%)
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if Fi(t*") = F¥(*) and E,(#*") = Ef(7%). Then for k < K (where recall that v€ = 7) define
P = min{r > 7 : 5(Fi(1) < Fi(1) or k(F}(1)) > k)

with &1 (744 = PRk, FAL k) = 5(F% (1)) and EXF1(r41) = (1 - 2,)G¢(k + 1). Notice

that we can have 7! = 7. In fact, define X = max{¢ : ¥ < ¥} > k so that 7*° = 7*.

Next define £5(0) = (1 — Z,), F,(0) = (1 — Zp)x, E»(0) = (1 = Z,)(1 — x), and if 7 € (75, 75*1]
then £y(v) = FX(x), Fp(r) = F&@), Ep(r) = EX() = (1 - 2)G°(k). Let F(r) = FX(x) for

K+1'and 7 = T* = min{ry, 74).

7 > 78+ and then define 7, = min{r : Fy(r) > 0}, 7 = 7
Finally, let F(0°) = F(t"), Ex(0°) = Fy(0°) = 0, then for € [0%, T*] let Fy(r) = Fy(r* - 1),

Fu(t) = Fyp(t* — 1) and Ep(f) = Ep(t* - 1).

By construction, for k € {1, ..., K}, we have t* = =75 if 8 < v* and * = 0% otherwise. Rational
agent concession and exit strategies can clearly be backed out from these functions by skimming
property and Lemma 1; all such equilibria are payoff equivalent. Up to that equivalence, the
equilibrium is unique by construction. Also by construction, no agent has a profitable deviation
(so such strategies form an equilibrium). In particular, concession on (1, /%) is at rates A, and
ﬂzk respectively to make a rational seller or buyer (V*, w) € ©° indifferent between conceding
on that interval. If 7 = 0 then F4(0%) = (1 — Z,). Otherwise, buyer concession at * > 0% is
calibrated to always leave a rational seller indifferent between conceding an instant before or
after /¥ (given the probability of exit at 7). As the next lemma shows, such an equilibrium is

continuous in agents’ beliefs.

Lemma 5. Consider the continuation game at 03 after demands ps € Ps and py € Py, with fixed
®. A unique “straightforward” continuation equilibria exists, for which agents’ continuation

payoffs are continuous at the beliefs (Z, Zp, 8) where Z; > zimi(p;) > 0.

Proof. To prove the result it is first necessary to establish the following inductive Claim: Con-

k.n k

sider an arbitrary sequence of distributions (z{, z;, 8") — (Z, 2, &"). If lim, 7" = 7" as well as

lim, £} (75" = Fk(%) and lim, E;"(7%") = EX(7%), then lim,, 7% = 7 forall € € {k+1, ..., £+1}

k+1 k+1
- @).

. A pk+1 k+1 k+1
and lim,, Fi Mty = F, ¢

k+1 . A ph+1 k+1
(t*"") and lim, Ei Mty = E,

K ywe must have v > " for large n, lim,, ﬁ];’”(r) = F'g(‘r) and

Subclaim 1. For any T > 7
lim,, x (F lg’" (1)) < k(F llj (1)) taking subsequences if necessary so that limits is defined. To see this,
notice that 1 — F4"(z) = (1 = PE"(ckm)els &= 1 — FA(7) then lim, K" (£5"(7)) < k(P¥(7))
follows from the upper semi continuity of k. More precisely, if 2 weecmsk & s w) (1 —Z,) >

F ];’"(T) for all n, then the inequality also holds in the limit.

Subclaim 2. If k(F¥(1)) = k' > k for T > 7* then lim, %”(F’;”(T +¢)) >k forany € > 0, and so
if k(F¥(7**1)) > k then lim, 781" < 7%*1. This follows from ¥ (m ycocmsr &' (v, w)(1 — Z0) >
Pkt +£/2) > FY'(1 + ¢) for all large n.

k+1,n > Tk+1

Subclaim 3. We must have lim, T . Suppose not, so that lim, 7%+ < 7¥1 Since
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lim, k' (F¥" (1)) < k(F&(1)) = k for 7 < 71, we must have y" = 7(FF" (7417 < fhn(ghetny

and
7O @) = (py = pp)(FL ) =3 = py(1 = DG (R) = G (R (") < 0

where the inequalities are preserved in the limit, 7r(lim,, ", F ’b‘(limn 75+1Lmy)) < 0. We must have

k1 and all large

lim, y"* < lim, F’b"”(rk“) = Fi(@**1) otherwise y* > F¥(1) for some 7 < T
n so that K"(") < K'(F&(T)) = k, so (", B (T Im) = (py = pp)(F" @M =y > 0, a
contradiction. This in turn implies lim,, y* < F ’b‘(limn 7k+Lmny o that (lim,, b F ’b‘(limn ghHlnyy <

k+1 Tk+1’"

0 contradicts the definition of 7" > lim,, , establishing the subclaim.

k+1,n k+1,n > Tk+1

Subclaim 4. We must have lim,, T = 7%*1, Suppose not so that lim,, + ¢ for some
g>0and En(l:" Ig’"(T"Jrl +¢) = k for large n. For small enough &’ > 0, we must have n(y, F ’}j(Tk” )
is continuous and strictly decreasing in y on some interval y € [—&’, 0] + J(F ’}j(Tk“)) and k(y) is

constant. Then define y° = min{y(ﬁ '];(Tk” )) — 6,0}, for small enough 6 > 0, we must have

lim(p, = pp)(F," (! + ) = 1) = pi(1 = DG (k) = G &' ()

=(ps — pr)FF @ + &) =) = pp(1 = DG (k) — G*(k(*))) < 0.

And so, for all sufficiently large n we must have n”(y5, I:"]b"" (Tk+1 + &) < 0, which contradicts
lim,, 7*1" > 7%*1 4 ¢, establishing the subclaim.

. k+1 . . k+1 k+1 k+1
Subclaim 5. We must have 70 = 7! = lim, 7" = lim, 7" " and Fi My <

F ik” (Tfk“ ). This adapts the arguments for subclaim 4. If the first part of subclaim 5 didn’t hold,
& k+1 and so lim, 7" = 7%*! for I € {k + 1,...,k’} but lim,, 78+ > 7k+1 4 ¢
for some & > 0 and &’ € {k + 1,...,* — 1}. Define 3" = F1'(zhn), 54 = i+, o/(1) = k
anda(j+1) = %n@”@j’")). Again taking a subsequence if necessary, " () is constant in n for

large n, and then let K’ = o”(j’). Given 7(3¢ U+D- $¢"(Dmy = 0, we have

. +1
then lim, * " > 1

j-1 j-1
Z ﬂ,i’l(j,)ail(1+]),l’l’ j}a"(]),ﬂ) — (ps_pb)()’}k,n_j/}k”n+Z(}A}Q"(]),n_j)a”(]),n)_pb(l_zb)(Ge,n(k)_Ge,n(kl)) =0
= =2

Similarly, letting, §' = F}(z'), § = F(z"*1) we know 25", %) = 0. Let ° = minfy""' -
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0, 0} be defined as before, then for small 6 > 0, we then get

j-1
ﬂn(yé,FZ’k,(Tk-‘—l +8)) - ﬂn(yé,F (Tk+1 + 8)) + Zﬂ. (y a"(j+1),n A(lfn(])n) T (y
j=1

=(ps = PO =30 + G = 58y + (FIF (M 4 g) - 3

fk +1

A

¥ Z(“’ (D 52Dy — py(1 = Z)(G(K) = GE(K)) + (G 1) = G((5+y)
(s = p( 7 =) + lim B (46 - ) <0

where the limit follows from lim, 7" = 7! for [ € {k + 1,...,k’} and the inequality from

lim,, F ( k4 )= y " < 0 and with 6 > 0 chosen sufficiently small. However, of course, this

K +1,n > Tk+1

implies a contradiction to lim,, T + &.

Finally, suppose that lim,, jifkﬂ’" > jszﬂ then for 6 = @‘)M — lim,, j)[k+l’")/2 < 0, we have
%n(y‘s) = (%! for large n and so

€k+1

ﬂ_n(yd’j\)k,n) — n_n(yé Ak,n) _ n_n(jf} ’j\)k)
=(ps — p) =30 + B =95 = pu(1 = Z)(G (k) — G(K)) + (G*(EF1) — G (£4+1y))

which converges to (p; — pp)d < 0, contradicting the definition of jz’fk“’” = 5(35*") > y? for large

n.

Subclaim 6. We have lim,, F ™ 1(z£*"\n) = FO! (1),

b
Let o"(j) = ¢**! then

J-1

0= ﬂn()v)a”(}+l)n Aa/"(])n)
Jj=1
j-1
~ Pkl A (T A (7 _
= (ps = P =3 4 Y GO = 37O = py(1 = 2) (G ) = G ()
j=2

~ . Pkl _ . Pkt ~
= (s = pp)G* = im 3" ") = pyp(1 = )G (k) = G(C*)) = alim 3, 55)

k+1 k+1.n £kl

.. . . . Pkl k1
where the limit follows from "' = lim, T =lim, ¥ . Hence, lim, * > ¥t -, by the

definition of ¥, establishing the subclaim, and completing the proof of the Claim.

k.n

Given the Claim, it is clear that 78" — 7k, T) = Tp, Ty — Ty, as well as F?(O3) — F4(0%). The

payoff of a rational buyer with value v who concedes at #* is
X 1€(0,£°) .
Uy (1) = v = pp)Fs(0°) + (v = pp) f e dF (1) + (v = poe” (1 = Fy(t))
Given that F} —,, F; where F is continuous at %, it is clear that UZ’" () - U[‘;(tk). Similarly,
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the payoff of a rational buyer who exits at time #* is UZ’W’e(tk) = Ul‘;’c(tk) +(w=v+pye (1 -
Fy(1)) so that U""" (%) — U™ ().

We now turn to the rational seller, who’s payoff can be expressed as V; = max{py, Us(T})}
where Uy(T}) = f s<T pseSdF(s) + e (1 — Z,)py is the payoff from conceding an instant
after T*. Given that lim, F(T™") = Fp(T*) = 1 =z, lim, T™" = T* and F} —,, F;itis
immediate that U(T}") — U,(T7) and so V? — V. This completes the proof.

We are now ready to complete the proof of Proposition 1. Given the parameters of a bargaining
game (z;, 1;, &, ©)i=s b, let A; = A(Py) be the set of seller demand choice distributions at 0'. Let
AP* c A(P, U {e}) be the set of rational buyer demand choice distributions at 0? after seller

V,W,Ds

demand p; such that Hy, (@) =1_wsp and,uZ’W’p“(pb) = 0 for pp > ps. Then Ay = Hpseps AZS.

Let UZ’W”’ »Ps (1, up) be the expected payoff of rational buyer (v, w) at 0 given demands p; € P;,
the demand choice distributions, ys € Ag(Pg) and g, € Ap combined with straightforward
equilibrium continuation play. Also let UY*(us, up) be the expected payoff of the seller at 0
given the demand p; € Pj, the demand choice distributions s € Ay (Ps) and ' € A, with

straightforward equilibrium continuation play at 0>. We then define:

Blps, k) = {(fiss 1) € As X A 2 fis(ps) > 0 = UL (s, ) = U (s, 1), Vs € P,

,aix(l?b) S0= U;,w,Pb,PS('ub,'us) > UZ’w,pb(/ls’ﬂb)’ Vp;) € Py}

It is clear that this self-correspondence is non-empty and convex-valued and has a closed graph
given that U, (uy, 1) and Uy (uy, 1) are continuous in (up, p15) by Lemma 5. Hence, by
Kakutani, it admits a (non-empty) fixed-point. This fixed point describes equilibrium demand
choices and implies beliefs for p; € P;. After the demand p, ¢ Pp, the seller always believes
the rational buyer has a type (v, w). The buyer then immediately concedes if p; < v — w and the

seller immediately concedes otherwise. m|

Proof of Proposition 3

This proof directly builds on from the proof of Proposition 2, and references definitions and
arguments first stated there. In fact, that proof already established part (a) of Proposition 3. I will
first, therefore, address part (c), where (by assumption) for some pg < p*, p(ps)(1 — H(p(ps))) >
p(1 — H(p)) for p € [0, p(ps)) U (Ps, p* + 2€]. As in Proposition 2, let p, = max{p; € P : ps <
P(ps)} where p, € (p(ps) — 2¢’, p*] with a & > 0 rich set of commitment types. As argued in
the proof of Proposition 2, for &’ > 0 small enough p, € P;. Moreover, for any p, € P; with
Ps € [ps, p*1, all buyers immediately concede or exit with probability approaching 1 in the limit

so the seller’s limit payoff is exactly (1 — H(ps))ps. Hence, the seller’s payoff from demanding
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Py is at least (p(ps))(1 — H(P(py))) — 2&".

If p, > min{y —w : (v,w) € O} then let p' = max{p < p(py) : H(p) < H(p(py))}; notice
that H is constant on the non-degenerate interval (p", p(py)) and (1 — H(py))ps is increasing
in pg on this interval so that (1 — H(py))ps < (1 — H(p,))p, for ps € (p*,]_)x). Let 2&’ <
p(ps)(1 — H(p(py))) — max,,.,: p(1 — H(p)), where the right hand side is strictly positive by
assumption. Given this, the seller’s limit payoff from demanding p, < p; is, therefore, less than

from demanding p, and so she won’t make such a demand positive limit probability.

On the other hand, suppose that the seller demands p; > p* + 2¢, then I showed in the proof
of Proposition 2 that for small &’ > 0 the buyer will counterdemand p, < p* + 2¢, which the
seller will immediately concede to with strictly positive probability, giving her a payoff less than
(p* +2&)(1 — H(p* +2¢&)) + &. And so, the seller’s best possible limit payoff from demanding
Ds > Ps, is always less than max ,e(p, pr+2¢) P(1 = H(p)) + €. This payoff is strictly then less than
her payoff from proposing p, whenever 3¢’ < p(p,)(1 — H(P(Ps))) — maxpep,, pr+2¢) P(1 = H(p)),
where the right hand side is strictly positive by assumption. Hence, the seller will never demand
ps > ps with positive limit probability limit. Hence, the seller only demands p; € [p;—2¢, ps]N
P’ with positive limit probability, and since ps; < p*, buyers’ either immediately concede or exit

in the limit. The bound on the buyer’s payoff is then immediate.

Finally, I turn to the upper bound on buyer payoffs in Proposition 3, part (b). Let p, be defined
as above given p; = p*, then the argument for part (c) shows the seller will never charge
Ps <D, € [p" —2¢g,p*] € P; given a small & > 0 rich set of commitment types. Demanding p,
gives the seller a payoff of at least (1 — H(p,))p, > (1 — H(p(p)))p(p) — 2¢’. The buyer’s payoft
after any seller demand p, € P} € [p,, p*] is max{v — p;, w} < max{v — p* — 2g, w}. If the seller
charges p; > p* with positive limit probability but doesn’t (for large n) immediately concede to

some counterdemand pj, then the buyer’s limit payoff is bounded above by max{v — p*, w}.

Suppose, therefore, that the seller charges py > p* with positive limit probability and imme-
diately concedes to some buyer counterdemand p,. Given py € P;, we must therefore have
viPs — po < pP* = min{p, € Py, : pp > v''P* = pg} < p* + 2&. The seller must then concede
with limit probability lim,, F£*F? T0*) = (ps— ﬁ}’:’) /(ps— pp) to commitment demands p, < p,".
The buyer (v!'7s, w) € @“Ps must demand f)i”’ for all small & > 0 (as v>Ps — p; > f?i‘)) and
s0 lim, gP=P""(v',w') = 0 for p, < py* with (V,w’) € @+ and v/ > v!s (or (v!-+, w) would
deviate to get the payoff (1) instead). Hence, any buyer (v, w)®%?s is indifferent to demanding

ADs . ADs
P, and so receives a payoff v — p;”.

As shown in the proof of Proposition 2, the seller’s payoff in this case is at most (1 - H(p s))ﬁis +
g. If f?gs < p* — 2¢ then the seller’s limit payoff would be less than from demanding p,
for 3¢’ < (1 — H(p(P)p(p) — (1 — H(ps))(p* — 2¢), where the right hand side is positive by
assumption. And so, we must have p;* > p* —2e, which establishes the payoff of any (v, w)@“s

buyer is at most v — p* + 2¢.

47



First suppose that p; € (p*,v —w) so that p* = v/2. If p; <v/2+¢ethen p; —2e <v—ps < ﬁZ‘Y
and so p, — ﬁg“ < 2e.If ps > v/2 + £ then with a &’ rich set of commitment types we have p,* <
v—ps+2e <v/2—¢e+2¢&" and so the seller’s payoff is at most (1 - H(p™))(p* —e+2¢’)+&" which
is less than her payoff from charging p’ € [p* — 2¢&’, p*] € P; of at least (p* — 2&’)(1 — H(p™)),
when & < &(1 — H(p*))/(5 — 4H(p")), a contradiction (if H(p*) = 1 the seller would certainly
never charge p; > p*). Hence, in this case we must have p; — ﬁi“ < 2e.

Now suppose that ps > v—w. If y/2 = p* > wthen if p* < p*—Ke’ where K > 2+1/(1-H(p*))
then the seller’s payoff with a & rich set of commitment types of at most (1 — H(p*)) ﬁZ‘Y + &' is
less than her payoff from demanding p; € [p*—2¢’, p*] which is at least (1-H(p*))(p*-2&")+&’.

If w= p* > v/2 then given p; > p* we must have ﬁZS > vbPs — po > w. And so, we must have

Py’ > p* — Ké&'. Next define:

Y =max (92 0: (1 —H(p* +9)(p* +28) +& > (1 - HPpNB(p*) - 2&)},

where y* = 0 if the maximizing set is empty. Given &’ > 0 small enough, we must have y* <y
given (_1 — H(p* + y)(p* +2¢) < (1 — H(p(p*)))p(p*) by assumption. Ina & > 0 ri_ch set
of commitment types, therefore, the seller will never charge p; > p* + y° and so whenever
Ke <y-— )_)8' we have ps — p)* < y. B

Given p; € P* and lim, g”2"(v',w’") = 0 for (v/,w’) € @%Ps with v/ > v!'Ps, the limit payoff
to type (v,w) € @%Ps can be written w + (v — p — w) lim,, F£*?*"(0*%). This is increasing in
v, where clearly v — w < p,. And so that payofqC is certainly less than w + y given that (p; —
p)lim, FPP"(0%) = (ps = p*) < y. =
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